Chapter 3

Matrices and linear transformations

Learning goals
After this chapter you should be able to:

» read Ax as a combination of the columns of A and use it to restate Ax = b;

« recognise linear transformations of R”, find their standard matrices, and describe rotations,
shears, projections and reflections;

« multiply matrices, interpret the product as composition, and use the rules of matrix algebra;
« work with transposes, symmetric, triangular and block matrices and the trace;

« decide invertibility, compute inverses by Gauss—Jordan elimination, and state the invertible
matrix theorem;

« factor a matrix as A = LU and use the factorisation to solve systems.

3.1 The matrix-vector product

Lecture 12

In Section 1.1 we solved the system 2x —y = 1, x + y = 5 in three ways: by rows, by columns, and in the
compact form Ax = b, where the matrix A holds the coefficients, x the unknowns and b the right-hand
side. This section makes the compact form precise. We define the product of a matrix and a vector,
give two ways to compute it (by columns and by rows), and prove that it is linear. With these tools we
look at linear systems again: Ax = b becomes a statement we can reason with, not only shorthand. We
find exactly when it can be solved for every right-hand side, and we see that all of its solutions are one
solution plus the solutions of the homogeneous system Ax = 0.

Throughout, F is a field (Section 2.1) and A = (a;;) is an m X n matrix over F with columns ay,...,a, €
F™; the column aj = (ayj, ..., am;) holds the entries of column j.

3.1.1 A combination of the columns
In the column picture (Section 2.2) a system says that the unknowns are the weights of a linear

combination of the columns that equals the right-hand side. We take this as the definition of the
product.
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Definition 3.1.1 (Matrix-vector product). Let A be an m X n matrix over F with columns
ai,...,an and let x = (xy,...,x,) € F". The product of A and x is the vector

AX = xja; + X923 + - - -+ xpa, € F™,

the linear combination of the columns of A with the entries of x as weights. The product is
defined only when x has as many entries as A has columns.

The first entry of x says how much of the first column to take, the second how much of the second
column, and so on; then the scaled columns are added.

A |

The columns of A are a; = (2,1) and a; = (-1, 1), so by the definition

R

This is the right-hand side b = (1,5) of the system 2x —y = 1, x +y = 5, so x = (2, 3) solves it, as found
in Example 1.1.5. In the plane, two copies of a; followed by three copies of a; end at the point (1, 5)
(Figure 3.1).

Example 3.1.2. Let

2 4+ (-3)
Ax =2
X 243

+3
1

Y

Figure 3.1: Example 3.1.2: Ax = 2a; + 3a; walks two copies of the first column and three of the second,
and lands on (1, 5).

Sizes. The definition needs one weight for each column, and the result is a combination of columns
with m entries each. So an m X n matrix multiplies vectors in F" and produces vectors in F": one entry
of Ax for each row of A. In shorthand, (m X n)(n X 1) = (m X 1): the inner sizes must match, and the
outer sizes give the size of the result.

Example 3.1.3. Let

12 -1
A‘[o 1 3]’ x=

N = W

Ais 2 X3 and x € F3, so Ax is defined and lies in F?:

el L+ il

On the other hand, A (1, 4) is not defined: A has three columns and (1, 4) supplies only two weights.

1 3+2+(-2)
Ax =3
X 0+1+6

+1
0
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Taking x = (0, 1,0), with a single 1 in position 2, gives Ax = 0a; + 1a; + 0 a3 = a; = (2, 1), the second
column of A.

The last observation holds in general: if x € F" has a 1 in position j and zeros elsewhere, then Ax = a;,
the j-th column of A. So the product of A with these n vectors recovers the whole matrix. This is the
key to Section 3.2, where these vectors are called the standard basis vectors.

3.1.2 The row rule

The definition works with columns. To compute by hand, it is usually quicker to produce Ax one entry
at a time.

Proposition 3.1.4 (Row rule). Fori =1,...,m, the i-th entry of Ax is
(AX); = aj1x1 + djoXy + - - - + AinXy.

Equivalently, (Ax); = r; - x, where r; = (a;1, . . ., aj) is the i-th row of A and - is the dot product
on F" (Sections 1.4 and 2.2).

Proof. Vectors in F™ are added and scaled entry by entry (Definition 2.1.18), so the i-th entry of a linear
combination is the same combination of the i-th entries:

(Ax); = (x1a1 + - - - + Xpap); = x1(a1); + - - + xp(an);.

The i-th entry of the column a; is (a;); = a;j, so this is xya;1 + - - - + x,a;,. Finally, multiplication in F
is commutative, so x;a;; = a;jx; for each j, and the sum is a;1x1 + - - + @jnx, = 1; - X. |

For Example 3.1.3 the row rule gives, row by row,
(Ax); =1-3+2-1+(-1)-2=3+2-2=3, (Ax), =0-3+1-1+3-2=0+1+6=7,

the same vector (3,7). The same six products appear in both computations, grouped by columns in the
first and by rows in the second.

The two ways of computing Ax match the two pictures of a system. The column rule (Definition 3.1.1)
is the column picture: a combination of the columns. The row rule is the row picture: one equation
r; - X = b; for each row. Use the row rule to compute, and the column rule to understand what Ax
means.

3.1.3 The identity matrix

Definition 3.1.5 (Identity matrix). The identity matrix I, is the n X n matrix with 1 in every
diagonal position (i, i) and 0 in every other position. For example,

1
13: 0
0

S = O

0
0].
1

We write I when the size is clear.
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The j-th column of I, has a 1 in position j and zeros elsewhere. By the column rule,

1 0 0 X1 0 0 X1
Lx=x1 |0 +x (1| +x3]|0[ =0+ [x2]+]|0]=[x2] =%,
0 0 1 0 0 X3 X3

and in general the row rule gives (I,x); =0-x;+---+1-x;+---+0-x, = Xj, SO
LLx=x for every x € F".

The identity matrix does to vectors what the number 1 does to numbers.

3.1.4 Linearity

Theorem 3.1.6 (Linearity of the product). Let A be an m X n matrix over F. For all u,v € F"
and all ¢,d € F:

(@) A(u+v) =Au+ Av;
(b) A(cu) = c (Au);
(c) A(cu+dv) =cAu+dAv.

Part (a) says that A respects addition and part (b) that it respects scaling; together they are called
linearity. We use the rules of vector algebra in F™ (Theorem 1.2.7, which holds over every field,
Section 2.1), numbered as there.

Proof. (a) The entries of u + v are u; + v;. By Definition 3.1.1,

A(u+v) = (u; +oy)ag +--- + (u, +op)a,
= (wma; +viag) + - - - + (uza, + vyay) rule (8), distributive law over scalar addition
= (wma; +---+uya,) + (via; +- - - +vpa,) rules (1) and (2), commutative and associative
= Au + Av Definition 3.1.1.

In the third line, rules (1) and (2) allow the 2n vectors of the sum to be added in any order and grouped

in any way; we put the u-terms first and the v-terms after them.

(b) The entries of cu are cu;. By Definition 3.1.1,

A(cu) = (cuy)a; + - - - + (cup)a,

=c(way) + - +c(upay) rule (6), scaling twice: (cuj)a; = c (uja;)
=c(uja; +- - +uyay) rule (7), distributive law over vector addition
=c¢ (Au) Definition 3.1.1.

Rule (7) is stated for two vectors; for n vectors it follows by applying it n — 1 times.

(c) By (a), then (b) twice: A(cu+dv) = A(cu) + A(dv) =cAu+d Av. O

For example, with A as in Example 3.1.2, u = (1,0) and v = (1,3): u+ v = (2,3) and A(u+v) = (1,5)
by that example, while Au = 1a; = (2,1) and Av = (2,1) + 3(-1,1) = (—1,4), so Au + Av =
(2+(-1), 1+4) =(1,5) as well.

By induction, (c) extends to any number of vectors: A(c;vy + -« + cxVik) = 1AV + -+ - + cAVg. A
function from F" to F™ with properties (a) and (b) is called a linear transformation; Section 3.2 shows
that every matrix defines one and that every linear transformation of F” into F™ comes from a matrix.
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3.1.5 Linear systems revisited

Consider a system of m linear equations in n unknowns,
ajxy+ -+ ainxy, = b; (i=1,...,m),

with coefficient matrix A = (a;;) and right-hand side b = (b4,. .., b;,) € F™ (Section 2.2).

Theorem 3.1.7 (Three forms of a linear system). For s € F” the following are equivalent:
(1) sis a solution of the system above;
(2) sja;+---+spa, =b;

(3) As = b.

In particular, the system, the vector equation x;a; + - - - + x,a, = b and the matrix equation
Ax = b have the same solution set.

Proof. (2) and (3) say the same thing, since As = sja; + - - - + s,a, by Definition 3.1.1. For (1) and (3):
two vectors of F™ are equal exactly when their entries are equal, and by the row rule the i-th entry
of As is aj1s1 + - - - + ainSp. So As = b holds exactly when a;j;s1 + - - - + ains, = b; for every i, which is
(1). O

From now on we write a linear system as Ax = b and solve it, as before, by row reducing the augmented
matrix [A | b].

Example 3.1.8. In Example 2.3.8 elimination solved the system with

1 2 1 3
A: 2 5 3 5 b= 8a
-1 0 2 4
and found x = (2, -1, 3). By the row rule,
1-242-(-1)+1-3 2-2+3 3
Ax=| 2-245-(-1)+3-3 |=|4-5+9 =8| =,
(-1)-2+0-(-1)+2-3 —-2+0+6 4

and by the column rule this says 2a; — a; + 3a; = b.

By Theorem 3.1.7 and Proposition 2.2.9, Ax = b has a solution exactly when b is a linear combination
of the columns of A, that is, when b € Span{ay,...,a,}.

3.1.6 Solvable for every right-hand side

Often we need more than one right-hand side: when does Ax = b have a solution for every b € F™?
The answer can be read off from pivots (Sections 2.3 and 2.4).

Theorem 3.1.9. For an m X n matrix A over F the following are equivalent:

(a) Ax =D has a solution for every b € F™;

(b) every b € F™ is a linear combination of the columns of A;
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(c) the columns of A span F™, that is, Span{ay, ...,a,} = F™;

(d) an echelon form of A has a pivot in every row.

Proof. (a) & (b) by Theorem 3.1.7: Ax = b has a solution exactly when b is a combination of the
columns. (b) & (c) by the definition of span: the span is the set of all combinations of the columns,
and it always lies in F™, so it equals " exactly when every b € F™ is such a combination.

It remains to link (a) with (d). Let U be an echelon form of A, reached from A by a sequence of
elementary row operations (Theorem 2.3.7). For any b, the same operations, applied to [A | b],
produce [U | d] for some d € F™, because a row operation acts on the coefficient part and on the
right-hand side independently. By Theorem 2.3.4 the systems Ax = b and Ux = d have the same
solutions.

(d)=(a). Suppose every row of U has a pivot, and let b € F™. Then [U | d] is in row echelon form,
and none of its rows has the form [0 --- 0 | ¢] with ¢ # 0, since every row has a nonzero entry to
the left of the bar; so the last column is not a pivot column. By Theorem 2.5.3(a) the system Ux = d is
consistent, and therefore so is Ax = b.

(a)=(d). We prove the contrapositive. Suppose some row of U has no pivot. That row has no leading
entry, so it is a zero row, and zero rows are at the bottom of an echelon form; hence the last row of U
is zero. Let d = (0,...,0,1). The last row of [U | d] reads 0 = 1, so Ux = d has no solution. Every
elementary row operation can be undone by an elementary row operation (proof of Theorem 2.3.4), so
applying the inverses of the operations that took A to U, in reverse order, to [ U | d ] gives a matrix
[A|b] for some b € F™; its coeflicient part is A because these inverse operations take U back to A.
The two matrices are row equivalent, so Ax = b has no solution either, and (a) fails. O

Example 3.1.10. For A = [f _11}

2 - 1 R1 <—)R2 1 1 R2—>R2—2R1 1 1
_ _
1 1 2 -1 0 -3

since2 —2-1=0and -1 —2-1 = —3. There is a pivot in both rows, so Ax = b has a solution for every
b € R?: the columns (2,1) and (-1, 1) span R? (as Theorem 1.3.8 also shows).

1
For A = [2

2 1 2
4l the replacement R, — R, — 2R; gives [0 0], since2—-2-1=0and4—-2-2=0. The

second row has no pivot, so some b is out of reach. In the column picture: (2,4) = 2 (1, 2), so every
combination x(1, 2) + y(2,4) = (x + 2y) (1, 2) lies on the line through the origin spanned by (1, 2), and
b = (1,3), which is not a multiple of (1, 2), is never reached (Figure 3.2).

More rows than columns. An echelon form has at most one pivot in each column, so an m X n
matrix has at most n pivots. If m > n, some row has no pivot, and by Theorem 3.1.9 the columns do not
span F™. For instance, two vectors never span R®, and a system of three equations in two unknowns
cannot be solvable for every right-hand side.

3.1.7 The shape of the solution set

Recall that a system Ax = 0 is homogeneous (Definition 2.5.7). In the new notation the trivial solution
is the statement AQ = 0a; + - - + 0a, = 0: each term is 0 by Proposition 1.2.8(d), which holds over
every field with the same proof, and a sum of zero vectors is 0 by rule (3) of Theorem 1.2.7. Section 2.5



CHAPTER 3. MATRICES AND LINEAR TRANSFORMATIONS 80

; all combinations

(2,9

Y

Figure 3.2: The columns (1, 2) and (2, 4) of the second matrix in Example 3.1.10 lie on one line through
the origin; every combination of them stays on that line, and b = (1, 3) is never reached.

showed that the solutions of a consistent system are one particular solution plus the solutions of the
homogeneous system (Theorem 2.5.11). In matrix language the statement is short, and linearity gives a
two-line proof.

Theorem 3.1.11 (Structure of the solution set, matrix form). Let p € F" satisfy Ap = b. Then
the solutions of Ax = b are exactly the vectors

x=p+h where Ah = 0.

Proof. Every such vector is a solution. If Ah = 0, then by Theorem 3.1.6(a) A(p+h) = Ap+Ah =b+0 =Db.

Every solution has this form. Let Ax = b and put h = x — p, which is x + (—1)p by Proposition 1.2.8(f).
By Theorem 3.1.6(a) and (b) with ¢ = -1, Ah = Ax + (-1)Ap = b+ (-1)b = b + (-b) = 0, using
Proposition 1.2.8(f) again and rule (4) of Theorem 1.2.7. So h solves the homogeneous system, and
x = p + h (rules (2), (4) and (3) of Theorem 1.2.7: p+ (x — p) = x+ (p + (—p)) = x, after reordering by
rule (1)). O

1 2
Example 3.1.12. Take the second matrix of Example 3.1.10, A = [ ], whose columns reach only the

2 4
line through (1,2), and b = (3,6) = 3 (1, 2), which lies on that line. The vector p = (3, 0) is a solution:
by the row rule Ap = (3+0, 6 +0) = (3,6). The homogeneous system is x + 2y = 0, 2x + 4y = 0, the
same equation twice; its solutions are y = t, x = —2t, that is h = (-2, 1) for ¢ € R, a line through the
origin. By Theorem 3.1.11 the solutions of Ax = b are

-2

+1
1

X =

0 } t eR,

the line of homogeneous solutions shifted to pass through p (Figure 3.3). For t = 1 we get (1,1), and
indeed1+2=3and2+4=6.

Proposition 3.1.13 (Uniqueness). For an m X n matrix A with columns ay, . . ., a,, the following
are equivalent:

(a) whenever Ax = b has a solution, it has only one;
(b) the homogeneous system Ax = 0 has only the trivial solution;
(c) the columns aj, ..., a, are linearly independent;

(d) an echelon form of A has a pivot in every column.
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-2,1) (1,1)

X
p \Ax=b

Ah=0

Figure 3.3: Example 3.1.12: the solutions of Ax = 0 form a line through the origin (blue); the solutions
of Ax = b form the parallel line through p = (3,0) (green).

Proof. (a)=(b): Ax = 0 has the solution 0, so by (a) it has no other. (b)=(a): if p solves Ax = b, then by
Theorem 3.1.11 every solution is p + h with Ah = 0, so h = 0 and the solution is p. (b) = (c) = (d)
is the elimination test, Theorem 2.6.8: since Ax = xja; + - - - + x,a,, statement (b) says that the only
combination of the columns equal to 0 is the one with all weights 0. O

Theorem 3.1.9 and Proposition 3.1.13 form a pair: a pivot in every row of an echelon form means that
Ax = b has at least one solution for every b, and a pivot in every column means that it has at most one.

Check yourself

1 0 2
-1 3 1
row rule. (b) Do the columns of A span R?? Use Theorem 3.1.9. (c) Can Ax = 0 have only the
trivial solution? Explain with Proposition 3.1.13.

Let A = [ ] and x = (2,1,-1). (a) Compute Ax by the column rule and again by the

Supplement: beyond the lecture

This material is not needed later in the course, but it rounds out the picture.

A matrix is determined by what it does. If A and B are m X n matrices with Ax = Bx for every
x € F", then A = B: taking x with a single 1 in position j gives a; = b; for every j, so the two matrices
have the same columns.

Over a finite field. Everything in this section uses only the field operations, so it holds over Z,,.

Over Z,, for instance,
1
[1 1 o] | = 3 [0]
01 1 h 0|’
1

because 1+ 1 = 0 in Z;. So this homogeneous system has the nontrivial solution (1,1, 1), and by
Proposition 3.1.13 the three columns are linearly dependent over Z,. Products of this kind are the basis
of error-correcting codes, where Ax = 0 is the test that a received word of bits is a valid codeword.

1+14+0
0+1+1

How much work is Ax? By the row rule each of the m entries needs n multiplications and n — 1
additions, so Ax costs mn multiplications and m(n — 1) additions. When many entries of A are zero, as
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in the large matrices of applications, only the nonzero entries need to be multiplied, and computers
store such sparse matrices by listing their nonzero entries only.

3.2 Linear transformations of R”

Lecture 13

In Section 3.1 we multiplied a matrix by a vector and proved that the product is linear: A(u+v) = Au+Av
and A(cu) = c (Au). In this section we change the point of view. Instead of a table of numbers, we
think of a matrix as a machine that takes a vector and returns a new one, and we ask which machines
of this kind exist. The answer is the main theorem of the section: the functions that respect addition
and scaling, the linear transformations, are exactly the functions x — Ax, and the matrix can be read
off from what the function does to the standard basis vectors. We then find the matrices of the basic
moves of the plane: rotations, scalings, shears, projections and reflections.

Throughout, F is a field (Section 2.1); the geometric examples are in R?.

3.2.1 Transformations and linearity

A function T from F" to F™, written T: F" — F™, is a rule that assigns to each vector x € F" exactly
one vector T(x) € F™. The set F" is the domain of T and F™ is its codomain; the vector T(x) is the
image of x under T. In linear algebra such a function is also called a transformation or a map. Two
functions T, S: F" — F™ are equal when T(x) = S(x) for every x € F".

Every m X n matrix A over F gives a transformation
Ty: F* — F™, Ta(x) = Ax,
called a matrix transformation. The sizes are forced by Section 3.1: Ax is defined for x € F", one entry
for each column, and lies in F™, one entry for each row.
Definition 3.2.1 (Linear transformation). A transformation T: F" — F™ is linear if
(1) T(u+v) =T(u) +T(v) for all u,v € F*, and
(ii) T(cu) =cT(u) for allu € F* and all ¢ € F.

Rule (i) says that adding first and then transforming gives the same as transforming first and then
adding; rule (ii) says the same for scaling. Geometrically, in R?: the vectors u, v and u + v are three
corners of a parallelogram with its fourth corner at the origin, and a linear transformation carries
them to T(u), T(v) and T(u) + T(v), again three corners of a parallelogram (possibly flattened into a
segment).

Proposition 3.2.2 (Matrix transformations are linear). For every m X n matrix A over F, the
matrix transformation Ty is linear.

Proof. Rules (i) and (ii) for T4 are parts (a) and (b) of Theorem 3.1.6. O
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Proposition 3.2.3 (First consequences). Let T: F* — ™ be linear. Then
(@) T(0) =0;
(b) T(cyvi+---+cpvi) =ciT(vy) +---+cxT(vg) forallvy,...,vp e F*andcy,...,cx € F.

Conversely, a transformation T with T(cu+dv) = c¢T(u) +dT(v) forallu,v € F" and ¢,d € F
is linear.

We use Proposition 1.2.8, which holds in F" over every field with the same proof (Section 2.1).

Proof. (a) By Proposition 1.2.8(d), 0 = 00 in F”. By rule (ii) with ¢ = 0,
T(0)=T(00)=0T(0) =0,

the last step by Proposition 1.2.8(d) again, now in F™.

(b) By induction on k. For k = 1 this is rule (ii). If it holds for k — 1 vectors, then by rule (i), the case
k — 1, and rule (ii),

T((C1V1 + -+ ck_lvk_l) + Cka)
=T(c1vy+ -+ cx—1Vk-1) + T(ckvi)
=cT(vy) +- -+ 1 T(Viey) + e T(vg).

For the converse, ¢ = d = 1 givesrule (i), and d = 0 gives T(cu) = T(cu+0u) = cT(u)+0T(u) = cT(u),
which is rule (ii) (Proposition 1.2.8(d) and rule (3) of Theorem 1.2.7). O

Part (b) is what makes linear transformations manageable: once we know T on a few vectors, we know
it on every linear combination of them. Part (a) gives a quick test for non-linearity: a map that moves
the origin is not linear.

Example 3.2.4 (Checking linearity from the definition). Let T: R* — R?, T(x, x2) = (x1 + 2x2, 3x1).
For u = (uy, uy) and v = (v, 03), the sum u + v has entries u; + v; and us + 03, so

(uq +01) + 2(uy +v7) (uq + 2us) + (v1 + 20y)

T(ll * V) - 3(U1 + 01) - 3uy + 30, - T(u) * T(V)’
and for ¢ € R,
cuy + 2cuy U + 2up
T = = = T .
(cu) 3cuy ] 3uy ¢T(u)

Both rules hold, so T is linear. (Each step uses only the field axioms, so the same formula defines a
linear map of F? over every field.)

Example 3.2.5 (Two maps that are not linear). (a) The translation T(x) = x + (1,0) of R? moves every
point one unit to the right. It sends 0 to (1,0) # 0, so by Proposition 3.2.3(a) it is not linear. More
generally, a translation x — x + b is linear only when b = 0.

(b) Let S: R? — R?, S(x1,x2) = (x2, x). Here S(0) = 0, so test (a) does not decide. Take u = (1,0) and
c=2:
S(2u) = 5(2,0) = (4,0), 2S5(u) =2(1,0) = (2,0).

These differ, so rule (ii) fails and S is not linear.

One counterexample shows that a map is not linear; to show that a map is linear, the rules must be
checked for all vectors and scalars, as in Example 3.2.4.
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3.2.2 The standard matrix

Every matrix gives a linear transformation (Proposition 3.2.2). The converse needs the vectors already
met at the end of Example 3.1.3.

Definition 3.2.6 (Standard basis vectors). For j = 1,..., n, the standard basis vector e; € F" has
1 in position j and 0 in every other position:

1 0 0
1 0

€e1=1.1]> €2=1.1] L) €n =
0 0 1

They are the columns of the identity matrix I,. In R?, e; = (1,0) and e, = (0, 1) are one step along the
first and the second axis. Every x = (xy,...,x,) € F" is a combination of them with its own entries as
weights:

X = x1€1 + X2€3 + -+ - + Xp€p, (3.1)

since the right-hand side has x; in position i (it is I,x, Section 3.1). For instance (3, 2) = 3e; + 2e;.
Theorem 3.2.7 (The standard matrix). Let T: F* — F™ be linear. There is exactly one m X n

matrix A over F with
T(x) = Ax for every x € F",

namely the matrix whose columns are the images of the standard basis vectors:
A=[T(e)) T(er) -~ T(en)].

It is called the standard matrix of T. In particular, the linear transformations F” — F™ are exactly
the matrix transformations Ty4.

Proof. Existence. Let A be the m X n matrix with columns a; = T(e;); each lies in F™. For x € F", by
(3.1), Proposition 3.2.3(b) and Definition 3.1.1,

T(x) =T(xie1+---+xpey) =x1T(e1) +---+x,T(e,) = x1a1 + - - - + xpa, = AX.

Uniqueness. Suppose B is an m X n matrix with Bx = T(x) for every x. Taking x = e}, and recalling
that Be; is the j-th column b; of B (Section 3.1), we get b; = T'(e;) = a; for every j. So B and A have
the same columns, and B = A.

The last sentence combines existence with Proposition 3.2.2. O

Geometrically, in R?: a linear transformation is decided by the two vectors T(e;) and T(e,). The grid
of the plane, made of the points x;e; + xze; with x; or x; an integer, is carried to the lines through the
points x1T(e;) + x,T(e,): grid lines go to parallel, evenly spaced lines (or, when T(e;) and T (e,) lie on
one line, all collapse onto it). Figure 3.4 shows this for the map of Example 3.2.4.

Example 3.2.8 (Finding a standard matrix). (a) For T(xy,x2) = (x1 + 2x2, 3x;) of Example 3.2.4,
T(ey) =T(1,0)=(1+0, 3-1)=(1,3), T(e)) =T(0,1)=(0+2, 3-0)=(2,0),

so the standard matrix is
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Check by the row rule: Ax = (1 - x1 + 2x2, 3x1 +0 - x2) = (x1 + 2x2, 3x1) = T(x).

(b) The map T: R* — R?, T(x1, x2, x3) = (X1 —x3, 2x2+x3) is linear (check the rules as in Example 3.2.4).
Its standard matrix is 2 X 3, with columns T'(e;) = (1,0), T(e;) = (0,2) and T (e3) = (-1, 1):

10 -1
A‘[o 2 1}‘

T(ey)

€ T

€ T(ez)

before after

Figure 3.4: The map of Examples 3.2.4 and 3.2.8(a). Left: the grid with e; (green) and e, (coral). Right:
its image, the lines through the points x;T(e;) + x2T (ez), with T(e;) = (1,3) and T(ez) = (2,0) the
columns of A; the shaded unit square goes to the shaded parallelogram.

3.2.3 Rotations

Every point x = (x,y) # 0 of the plane can be described by its distance r = ||x|| > 0 from the origin
and an angle «, measured counterclockwise from the positive first axis, with

X =rcosa, y=rsina

(polar coordinates). The rotation through the angle 6 (counterclockwise, about the origin) is the map
Ry: R? — R? that keeps the distance and adds 6 to the angle:

Ro(rcosa, rsina) = (rcos(a +0), rsin(a +0)), Ry(0) = 0.

This does not depend on which angle « is chosen for the point, since angles differing by a multiple of
27 give the same cosine and sine. A rotation clockwise through 6 is R_g.

Theorem 3.2.9 (Rotations). The rotation Ry is linear, with standard matrix

[COS 6 —sin 9]

sinf@ cosf

Proof. Let x = (r cosa, rsina). The angle addition formulas of trigonometry,
cos(a +6) = cosacosf — sina sin 9, sin(a + 0) = sina cos 8 + cos a sin 0,
multiplied by r, give, with x = r cosa@ and y = rsin ¢,

Ro(x) = [x cos —ysin 0] _ [cos 0 —sin 0] [x]

xsinf+ycos@| |[sin@ cosh ||y

by the row rule. The same formula holds for x = 0. So Ry = T4 for the matrix A above, which is linear
by Proposition 3.2.2, and A is its standard matrix by Theorem 3.2.7. O
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(—sin 6, cos6) 62T

(cos @, sin0)

€1

Figure 3.5: Theorem 3.2.9: the rotation through 6 sends e; to (cos 6, sin 0) and e, to (— sin 6, cos 0), the
columns of its standard matrix.

The columns can also be seen directly (Figure 3.5): e; hasr = 1, @ = 0, so Rg(e;) = (cos 0, sin ), a point
of the unit circle; e; has r = 1, @ = 7/2, so Ry(ez) = (cos(0 + x/2),sin(0 + n/2)) = (—sin b, cosh), a
quarter turn further on.

Example 3.2.10 (A quarter turn and a sixth of a turn). (a) For 8 = 90° (1/2), cos @ = 0 and sin 6 = 1, so

o -1 2| [o-2+(-1)-1] _[-1
R9°°_[1 0}’ R9°°[1}_[1.2+0-1}_[2]'
In general Ryp-(x,y) = (—y,x); note that (x,y) - (—y,x) = 0, so the image is perpendicular to the
original vector, as a quarter turn should be.

1/2  —3/2

o B . . \B _
(b) For 0 = 60°, cos 0 = 3 and sin 6 = 32, 50 Rege = [\/5/2 1/2

] and Reo- (2, 0) = (1, V3), a vector

of length V1 + 3 = 2 at 60° to the first axis.

3.2.4 Scalings and shears

0
0 k] sends x to kx. For k > 1
it stretches the plane away from the origin (a dilation); for 0 < k < 1 it shrinks it (a contraction).

Example 3.2.11 (Scalings and shears). (a) For k € R, the matrix kI, = [k

(b) For a,d € R, the matrix [g 0} sends (x,y) to (ax, dy): it stretches by the factor a along the first

d
axis and by d along the second. Witha =2 and d = % the plane becomes twice as wide and half as tall.

(c) For k € R, the shear [(1) I;] sends (x,y) to (x +ky, y). It fixes e; and sends e, to (k, 1). Every point

slides parallel to the first axis by k times its height y: points of the first axis do not move, and points
higher up move further. The unit square, with corners 0, e, e; + ey, €3, goes to the parallelogram with
corners 0, (1,0), (1 +k, 1), (k, 1), which has the same base 1 and the same height 1, hence the same
area. How a linear transformation changes area is measured by the determinant (Chapter 7).

3.2.5 Projections

Let u € R” be a unit vector (Definition 1.4.8) and let L = Span{u} = { tu : t € R}, the line through the
origin in the direction of u.
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Proposition 3.2.12 (Projection onto a line). For every x € R” there is exactly one point p € L
with x — p orthogonal to u, namely

p=Px=(x-wu

and it is the point of L closest to x. The map P: R" — R", the orthogonal projection onto L, is
linear, and its standard matrix has entry u;u; in row i, column j. In R?, with u = (uy, uy),

T T
P= 2
wu; Ul

Proof. A point of L is tu for some t € R. By Theorem 1.4.6,
(x—tu)-u=x-u—-t(u-u)=x-u-—t
since u - u = ||ul|?> = 1. This is 0 exactly when ¢t = x - u, so p exists and is unique.

Closest point. For any s € R, the vectors x — p and p — su = (¢ — s)u are orthogonal, so by Pythagoras
(Theorem 1.4.14)
Ix = sull® = [lx = plI* + llp = sull® > [Ix-pll’,

with equality only when su = p.

Linearity. By Theorem 1.4.6, (x+y)-u=x-u+y-uand (¢x)-u = c(x-u). Hence, by rules (8) and (6)
of Theorem 1.2.7,

P(x+y)=(x-u+y-u)u=Px)+P(y), P(cx) = (c(x-u))u=cP(x).

Matrix. By Theorem 3.2.7 the j-th column is P(e;) = (ej-u) u = u;ju, whose i-th entry is uju; = wju;. O

If the line is given by a direction w # 0 that is not a unit vector, use u = w/||w|| (Section 1.4); then

P(x) = XY
W W
1 0
Example 3.2.13 (Two projections in the plane). (a) Onto the first axis: u = e;, so P = [0 O} and

P(x,y) = (x,0); the first entry is kept and the second replaced by 0.
(b) Onto the line y = x: u = (‘/% \i@) and every product u;u; is 3, so
P=[1/2 1/2]’ Pﬂz[%-uén}:[zl
1/2 1/2 1 | d3+1o1] 7 |2
The difference (3,1) — (2,2) = (1, —1) satisfies (1,—1) - u = 0, as it should (Figure 3.6).

A projection flattens the plane onto the line: every point of the line through x perpendicular to L lands
on the same point P(x). So different vectors have the same image, and a projection cannot be undone;
this is the first example of a matrix with no inverse (Section 3.5). Orthogonal projection onto planes
and other subspaces is the subject of Chapter 10.

3.2.6 Reflections

The reflection across L sends x to its mirror image Q(x) on the other side of L: the point for which P(x)
is the midpoint of the segment from x to Q(x). So Q(x) — P(x) = P(x) — x, that is,

O(x) = 2P(x) — x.
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Proposition 3.2.14 (Reflection across a line). The reflection Q: R* — R" across L = Span{u}

is linear, and its standard matrix has entry 2u? — 1 in each diagonal position (i, i) and 2u;u; in
position (i, j) for i # j. In R?,

_ Zuf -1 2uuy

Q= [ 2uiuy  2ub - 1] :

Proof. By the linearity of P (Proposition 3.2.12) and the rules of vector algebra,

Q(x+y) =2P(x) +2P(y) —x -y = (2P(x) — x) + (2P(y) - y) = Q(x) + Q(y).

and Q(c¢x) = 2¢ P(x) — ¢x = ¢Q(x). The j-th column of the standard matrix is Q(e;) = 2uju —ej,
whose i-th entry is 2u;u;, minus 1 when i = j. m]

Example 3.2.15 (Two reflections in the plane). (a) Across the line y = x, with P as in Example 3.2.13(b):
2] [1] o _ 12l o] Jo o1
oen=2ial | =i} =27l o-fi )
So Q(x,y) = (y, x): the reflection swaps the two entries, and Q(3, 1) = (1, 3). The projection (2, 2) is
the midpoint of (3, 1) and (1, 3) (Figure 3.6).

(b) Across the first axis, u = e; and Q = [1 0

0 _1]’ Y Q(x’ y) = (x’ _y)

L:y=x

Q(x) = (1,3)¢,

Figure 3.6: Examples 3.2.13(b) and 3.2.15(a): the projection of x = (3,1) onto the line y = x is
P(x) = (2,2), the foot of the perpendicular, and the reflection is Q(x) = (1, 3); P(x) is the midpoint of
x and Q(x).

A reflection turns the plane over. Going counterclockwise around the origin, e; comes before ey; after
a reflection the images come in the opposite order (across y = x they simply swap). A rotation keeps
the order, since it turns both vectors by the same angle. This change of orientation is recorded by the
sign of the determinant, which makes the argument precise (Chapter 7).

Check yourself

(a) Show that T(x1,x3) = (x2, x; — 3x3) is linear and find its standard matrix. (b) Find the
standard matrix of the rotation through 180°, and describe the map in words. (c) Show that
T(x1,x2) = (x1x2, 0) is not linear. (d) Find the standard matrix of the projection onto the second
axis, and of the reflection across it.

Supplement: beyond the lecture

This material is not needed later in the course, but it rounds out the picture.
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Rotations keep lengths and angles. For x = (x,y), Rg(x) = (xcos@ — ysin, xsind + ycosb),
and expanding,

|IRo(x)]|* = x*(cos® O + sin” 0) + y?(sin® § + cos? ) = x* + y* = ||x]|%,

the cross terms F2xy cos 0 sin 0 cancelling. The same computation for two vectors gives Ry(x) - Rg(y) =
X -y, so rotations also keep angles. Maps with this property are studied in Chapter 11 (orthogonal
matrices).

Reflections in angle form. If L makes the angle ¢ with the first axis, then u = (cos ¢, sin @),

and Proposition 3.2.14 with the double-angle formulas 2 cos? ¢ — 1 = cos 2¢, 2sin ¢ cos ¢ = sin 2¢,
2sin® ¢ — 1 = — cos 2¢ gives

_|cos2¢p  sin2¢

Q= [sinZ(p —cos2¢|”

For ¢ = 45° this is the swap matrix of Example 3.2.15(a).

Translations in computer graphics. A translation x — x+b withb # 0isnot linear (Example 3.2.5),
yet graphics software moves objects with matrices. The trick is to write the point (x,y) as (x,y, 1) in

R3 (homogeneous coordinates). Then
bl X X+ b]
bz yl=|y+ bz s
1

1
0
0

S = O

1 1

so the translation of the plane becomes part of a linear map of R?, and rotations, scalings and translations
can all be combined by the matrix multiplication of Section 3.3.

3.3 Matrix multiplication

Lecture 14

An m X n matrix A turns every vector x € F" into the vector Ax € F™, and this assignment is linear
(Theorem 3.1.6); Section 3.2 calls it the linear transformation T4 of A (Proposition 3.2.2). In this section
we run two such transformations one after the other: first a matrix B acts on x, then A acts on the
result Bx. We show that the combined transformation is again multiplication by a single matrix, which
we call the product AB. We then give a quick rule for computing AB entry by entry, prove the rules
the product obeys, and see where it differs from the multiplication of numbers: in general AB # BA,
and a product of two nonzero matrices can be zero.

Throughout, F is a field (Section 2.1) and all matrices have entries in F.

3.3.1 One matrix after another
Let B be an n X p matrix and A an m X n matrix. Then B sends F” to F" and A sends F" to F™, so the
output of B is a valid input for A:

Ll A F™, X — Bx — A(Bx).
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To see which matrix, if any, does both steps at once, let by,...,b, € F" be the columns of B and
X = (x1,...,xp). By the column rule (Definition 3.1.1), Bx = x1b; +-- - + x;,b,, and since A respects
linear combinations (Theorem 3.1.6, extended to p terms),

A(Bx) = A(xiby + - + x,bp) = x1 (Aby) + - -+ + x,, (Aby).

The right-hand side is a linear combination of the p vectors Aby, ..., Ab, € F™ with the entries of x as
weights. By the column rule again, it is the product of x with the m X p matrix whose columns are
Aby, ..., Ab,. This matrix is the product of A and B.

Definition 3.3.1 (Matrix product). Let A be an m X n matrix and B an n X p matrix with columns
by, ...,b,. The product AB is the m X p matrix

AB=[Ab;, Ab, --- Ab,],

whose j-th column is A times the j-th column of B. The product is defined only when A has as
many columns as B has rows.

The computation before the definition proves the property that the definition was built to have.

Theorem 3.3.2 (The product is composition). Let A be m X n and B be n X p. Then for every
x € FP,
(AB)x = A(Bx).

Proof. Write x = (xy,...,Xp). By Definition 3.1.1 applied to the matrix AB, whose columns are
Aby, ..., Ab,, we have (AB)x = x1(Ab;) + - - - + x,(Ab,). By Definition 3.1.1 applied to B, and Theo-
rem 3.1.6 (part (c), extended to p terms by induction), A(Bx) = A(x1by + -+ +x,b,) = x1(Aby) +--- +
x,(Ab,). The two vectors are equal. O

Notice the order: in AB the matrix on the right acts first. This is the same convention as for composing
functions, where (f o g)(x) = f(g(x)) means “apply g, then f”.

Proposition 3.3.3 (Composition of linear transformations). Let S: F? — F"* and T: F" — F™
be linear transformations with standard matrices B and A (Theorem 3.2.7). Then the composite
ToS:FP — F™ x> T(S(x)), is a linear transformation, and its standard matrix is AB.

Proof. For every x € FP we have S(x) = Bx and T(y) = Ay for y € F", so by Theorem 3.3.2,
(T o S)(x) = A(Bx) = (AB)x. Thus T o S is multiplication by the matrix AB, which is linear by
Theorem 3.1.6. Its standard matrix has j-th column (T o S)(e;) = (AB)e;, which is the j-th column of
AB (Section 3.1: multiplying by e; picks out column j). So the standard matrix is AB. O

Sizes. Each column b; of B must be a valid input for A, so AB needs B to have as many rows as A
has columns. The product has one column for each column of B, and each column Ab; has one entry
for each row of A. In shorthand,

(mxn)(nxp) = (mxp):

the inner sizes must match, and the outer sizes give the size of the product. When p = 1, B is a single
column x € F"” and AB is the matrix-vector product Ax of Section 3.1, so the new product extends the
old one.



CHAPTER 3. MATRICES AND LINEAR TRANSFORMATIONS 91

Example 3.3.4 (Rotate, then shear). Let
0 -1 1 1
I
B rotates the plane a quarter turn counterclockwise, and A is a shear (Examples 3.2.10 and 3.2.11). The
columns of B are (0, 1) and (-1, 0), so by Definition 3.3.1 and the column rule

Aol Bl Aol o= ]

as=[} ]

+0

1
0

and therefore

1 0

By Theorem 3.3.2, multiplying by AB rotates a quarter turn and then shears. Figure 3.7 follows the
unit square, whose sides are e; and e,: the rotation turns it into the square with sides (0,1) and
(—1,0), and the shear then slides it to the parallelogram with sides (1,1) and (-1, 0), the columns
of AB. For a single vector, x = (1,2): Bx = (-2,1) and A(Bx) = (-2 + 1, 1) = (-1,1), while
(AB)x=(1-1+(-1)-2,1-1+0-2) = (-1,1).

A A A
B A

»
e; (0,1) (1,1)

(<1 (-1,0) (-1,0)

unit square after B (quarter turn) after A: the square under AB

Figure 3.7: Example 3.3.4: the unit square (left), after the quarter turn B (middle), and after the shear
A (right). The final sides (1, 1) and (—1, 0) are the columns of AB; green marks where e; goes, coral
where e; goes.

3.3.2 The row-column rule

Definition 3.3.1 builds AB one column at a time. By hand it is usually quicker to compute one entry at
a time. We write (AB);; for the entry of AB in row i and column j.

Theorem 3.3.5 (Row-column rule). Let A = (a;x) be mXnand B = (bx;) benxp.Fori=1,...,m
and j=1,...,p,

n

(AB)ij = aitb1j + aizbaj + - - + ainbnj = Z Qikbij.
k=1

In words: entry (i, j) of AB is row i of A times column j of B, entry by entry and added up; it is
the dot product r; - b; of the i-th row of A with the j-th column of B.

Proof. Entry (i, j) of ABis entry i of its j-th column, which is Ab; with b; = (b4}, ..., b,;). By the row
rule (Proposition 3.1.4), entry i of Abj is a;1b1j + - - - + ainby;. m|

Example 3.3.6. Let
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Ais2x3and Bis 3 X 2,s0ABis 2 X 2. Row by column:

(AB);;=1-2+2-0+0-1=2, (AB)j3=1-1+2-(-1)+0-2=1-2=—1,
(AB)y; = (1) -2+1:-043-1=-2+3=1, (AB)py=(-1)-1+1-(-1)+3-2=-1-1+6=4,

SO

2 -1
et 7]

The product BA is defined as well, since B has two columns and A has two rows, but it is 3 X 3. Row i
of B times column j of A gives

2-1+1-(-1) 2-2+41-1 2-0+1-3 1 5 3
BA=10-1+(-1)-(-1) 0-2+(-1)-1 0-0+(-1)-3|=|1 -1 -3].
1-1+2-(-1) 1-2+2-1 1-0+2-3 -1 4 6

AB and BA do not even have the same size.

Rows of a product. Fix i and let j run from 1 to p: by the row-column rule, row i of AB is
( Xk aikbrs, -y X aikbkp) = a;1(row 1 of B)+- - -+a;,(row n of B). So each row of ABis a combination
of the rows of B, with weights from the matching row of A, just as each column of AB is a combination
of the columns of A, with weights from the matching column of B.

3.3.3 Adding and scaling matrices

The rules of the product involve two simpler operations, which act on matrices exactly as the vector
operations act on vectors.

Definition 3.3.7 (Sum and scalar multiple of matrices). Let A = (a;;) and B = (b;j) be m X n
matrices and ¢ € F. The sum A + B and the scalar multiple cA are the m X n matrices with entries

(A+B),-j:a,-j+bl-j, (CA)iJ':Cdij.

The zero matrix O (or Opxp) has every entry 0, and —A = (—1)A. The sum is defined only for
matrices of the same size.

e 8 ey S e S

An m X n matrix is a list of mn entries arranged in a rectangle, and both operations act entry by entry.
So the eight rules of vector algebra (Theorem 1.2.7) hold for m X n matrices, with O in the role of 0, and
with the same proofs. In terms of columns: the columns of A + B are a; +b; and those of cA are ca;.

For example,

Proposition 3.3.8. Let A and B be m X n matrices, ¢ € F and x € F". Then
(A+ B)x = Ax + Bx, (cA)x = ¢ (Ax).
Proof. By the row rule and Definition 3.3.7, entry i of (A+B)x is X, (aik + bix) Xk = Xop Qik Xk + 2o Dik Xk

(distributivity, commutativity and associativity in [F), which is entry i of Ax + Bx. Likewise entry i of
(cA)xis Y p(ca)xk = ¢ Xy aixXk, entry i of ¢ (Ax). O
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3.3.4 The rules of the product

Theorem 3.3.9 (Rules of matrix multiplication). Let ¢ € F, and let A, B, C be matrices of sizes
for which each side below is defined. Then:
(a) (AB)C =A(BC) (associativity)
(b) A(B+C) =AB+AC (distributive law, left)
(c) (A+B)C=AC+BC (distributive law, right)
(d) ¢(AB) = (cA)B = A(cB) (scalars)
(e) I,A = A = AI, for every m X n matrix A (identity)

Each rule is an equation between two matrices of the same size, and two matrices are equal when their
columns are equal. So each proof compares the j-th columns of the two sides, using Definition 3.3.1
(column j of XY is X times column j of Y) and Definition 3.3.7 (column j of Y + Z is the sum of the
Jj-th columns, column j of ¢Y is ¢ times the j-th column).

Proof. Write b; and c; for the j-th columns of B and C.

(a) Let Abe m x n, Bbe n x p and C be p X g. Column j of (AB)C is (AB)c;, which equals A(Bc;) by
Theorem 3.3.2. Column j of BC is Bcj, so column j of A(BC) is A(Bc;) as well. All g columns agree.

(b) Column j of A(B+C) is A(bj + ¢j) = Ab; + Ac; by Theorem 3.1.6(a), which is column j of AB plus
column j of AC, that is, column j of AB + AC.

(c) Column j of (A+ B)Cis (A + B)c; = Ac; + Bc; by Proposition 3.3.8, which is column j of AC + BC.

(d) Column j of ¢ (AB) is ¢ (Ab;). Column j of (cA)B is (cA)b; = ¢ (Ab;) by Proposition 3.3.8, and
column j of A(c¢B) is A(cbj) = ¢ (Ab;) by Theorem 3.1.6(b).

(e) Column j of I,,A is I,a; = aj, since the identity leaves every vector unchanged (Section 3.1). Column
j of Al is Ae;j, where e}, the j-th column of I,;, has a 1 in position j and zeros elsewhere; so Ae; = a;
(Section 3.1). O

Associativity has a short meaning: doing C, then B, then A gives the same result however the steps are
grouped. It lets us write ABC, and longer products, without brackets. The rules also give, for instance,
AO = O and OA = O whenever the sizes allow, since column j of AO is A0 = 0, and every column of
OAis Oaj = 0.

Definition 3.3.10 (Powers). Let A be an n X n matrix. Its powers are AV =T, Al = A A% = AA,
and in general AK*! = A*A for k > 0.

By associativity, A is the product of k copies of A grouped in any way, and A’ A¥ = A/** for all j, k > 0
(by induction on k: AJA® = AT, = A/, and AJAR = AJ(AKA) = (AJAF)A = ATk A = AT+R+1) Only
square matrices have powers: AA is defined only when A has as many columns as rows.

3.3.5 The order matters

For numbers, ab = ba. For matrices this fails even when both products are defined and have the same
size.
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Example 3.3.11 (Shear, then rotate). Take A and B from Example 3.3.4. The columns of A are (1,0)
and (1, 1), so

B R B S

Shearing and then rotating sends the unit square to the parallelogram with sides (0, 1) and (-1, 1);
rotating and then shearing sends it to the one with sides (1, 1) and (-1, 0) (Figure 3.8).

A A

(1,1) (-1,1) (0,1)

(_15 0)

AB: rotate, then shear BA: shear, then rotate

Figure 3.8: Example 3.3.11: the unit square under AB (rotate, then shear; left) and under BA (shear,
then rotate; right). The two results differ, so AB # BA.

So matrix multiplication is not commutative: we must keep track of the order, and we speak of
multiplying B by A on the left (AB) or on the right (BA). When AB = BA we say that A and B commute.
Some pairs do, for example every n X n matrix with I,, (Theorem 3.3.9(e)), every square matrix with its
own powers (A AK = AK*1 = Ak A) and any two rotations of the plane: by the angle addition formulas,
o . o N .
RuRj = €08 @ cos f—sina sin B —(sinacosf cos a sin p) = Ry, which is symmetric in @ and ,
sinacosf+cosasinff  cosacosf —sinasinff
so RxRg = RgR,. But commuting is the exception.
A consequence is that familiar algebra must be redone with care. For n X n matrices, the rules give
(A+B)? =(A+B)(A+B) = A’ + AB+ BA + B%,
which equals A%+2AB+ B? only when AB = BA. Likewise (AB)? = ABAB need not equal A°’B> = AABB.

Example 3.3.12 (A nonzero matrix with zero square). Let
0 1
vlp ]
Its columns are 0 and e; = (1, 0), so Ne; = 0 and Ne, = e;. The columns of N? are
N [8] = [g} , N [(1)] = [g} (the first column of N), SO N? =0,

although N # O. Geometrically, N sends e, to e; and e; to 0; applied twice, it sends every vector to 0.

For numbers, ab = 0 forces a = 0 or b = 0; Example 3.3.12 shows that this fails for matrices. It follows
that matrices cannot be cancelled in general: NN = O = NO, yet N # O. So from AB = AC we may
not conclude B = C. Section 3.5 shows that an invertible matrix can always be cancelled.

Check yourself

LetA=

1
_0 1} and B = [ 0 i] (a) Compute AB column by column, using Definition 3.3.1. (b)

Compute BA with the row-column rule. Do A and B commute? (c) Find a 2 X 2 matrix M # O
with M? = O, other than N of Example 3.3.12.
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Supplement: beyond the lecture

This material is not needed later in the course, but it rounds out the picture.

Columns times rows. A column u € F” is an m X 1 matrix and a row r with p entriesisa 1 X p
matrix, so ur is an m X p matrix, with entry (i, j) equal to u;r;. Grouping the sum in the row-column
rule by k instead of by (i, j) gives

AB=ajri+ayry+---+a,r,,
where a, is the k-th column of A and ry the k-th row of B: entry (i, j) of the right-hand side is > ; a;xbx;.

For Example 3.3.6,
2 1 0 -2 0 0 2 -1
[1 2]_[—2 —1]+[0 —1]+[3 6}_[1 4}'

[_11} 2 1]+m [0 -1] +

Writing a matrix as a sum of such column-times-row pieces is the starting point of the singular value
decomposition in Chapter 11.

3

How much work is AB? By the row-column rule each of the mp entries needs n multiplications, so
AB costs mnp multiplications; for two n X n matrices that is n®. In 1969 Volker Strassen found a way to
multiply 2 X 2 matrices, even when their entries are themselves matrices, with 7 multiplications instead
of 8. Applied over and over to blocks, it multiplies n X n matrices with roughly n?8! multiplications,
and it was the first method to beat n>. How small the exponent can be made is still an open question.

Why not multiply entry by entry? One could define a product of two m X n matrices entry by entry,
as for the sum. That product exists and has uses, but it does not describe doing one transformation
after another, so it does not satisfy Theorem 3.3.2. The row-column rule may look strange at first; it is
exactly what composition requires.

3.4 Matrix algebra

Lecture 15

Section 3.3 gave us three operations on matrices: the sum A + B of two matrices of the same size and
the scalar multiple cA (Definition 3.3.7), and the product AB (Definition 3.3.1) when the number of
columns of A equals the number of rows of B. This section adds a fourth operation, the transpose,
which turns rows into columns, and studies the special shapes of matrix that recur throughout the
course: symmetric, triangular and diagonal matrices. We then learn to cut a matrix into blocks and
multiply block by block, and we finish with the trace, a single number attached to every square matrix.

Throughout, F is a field, and all matrices have entries in F. We write a;; for the entry of A in row i and
column j, and also (A);; when A is itself an expression such as AB. By Theorem 3.3.5 the product of
an m X n matrix A and an n X p matrix B is the m X p matrix with entries

n

(AB);; = Z aikbrj = anbij + aizbaj + - - - + ainbn;,
k=1

row i of A times column j of B, and its j-th column is Ab;, where b; is the j-th column of B.

3.4.1 The transpose
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Definition 3.4.1 (Transpose). The transpose of an m X n matrix A is the n x m matrix A7 whose
rows are the columns of A:

(AT)ij:aji (ISiSn, ISjSm)
So the entry of AT in row i and column j is the entry of A in row j and column i: transposing swaps
the two indices. Row i of AT is column i of A, and column j of AT is row j of A.

Example 3.4.2.

1 2 3 14

A:[456], AT =2 5.
3 6

Ais 2 x 3 and AT is 3 x 2. The entry 2 = aj; of A is the entry (AT),; of AT. A column vector

v = (v1,...,0,) is an n X 1 matrix, and its transpose vl =[0v; .-+ v, ] is a1l X n matrix, a row vector.

For a square matrix the main diagonal is formed by the entries a;1, azy, . . ., Gnp, from the top left to the
bottom right. Transposing a square matrix reflects it across its main diagonal: the diagonal entries stay
in place, and the entry in position (i, j) changes places with the entry in position (j, i) (Figure 3.9).

A AT
2 1 7 2 0 6
transpose
0 3 4 _—> 1 3 8
6 8 5 7 4 5

Figure 3.9: Transposing a square matrix reflects it across the main diagonal (gold). The entry in position
(1, 3) and the entry in position (3, 1) change places; the diagonal entries stay where they are.

Theorem 3.4.3 (Rules for the transpose). Let ¢ € F. Whenever the sizes allow the operations on
the left:

(@) (AT = 4;

(b) (A+B)T = AT + BT;
(©) (cA)T =cAT;

(d) (AB)T = BTAT.

Proof. In each part both sides are matrices of the same size, so it is enough to compare entries.

(a) ((AT)T)U = (AT)ji = aijj.

(b) ((A+B)T),-j = (A+B)j; = aji+bji = (AT);; + (BT);; = (AT + BY);;.

(c) ((CA)T),-j = (cA)ji =caj; = c(AD);;.

(d) Let Abe m x n and B be n x p. Then AB is m x p and (AB)T is p x m; also BT is p x n and AT is
nx m,so BAT is defined andis pxm.For1 <i<pand1<j<m,

((AB)T),-J- = (AB)ji = Z ajbii, (BTA");; = Z(BT)ik(AT)kj = Z briajk.
p k=1 P

Multiplication in F is commutative, so by;ajr = ajiby; for every k, and the two sums are equal. O
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The order in (d) must be reversed: if A is 2 x 3 and B is 3 X 4, then (AB)T is 4 x 2, while AT BT would be
a (3 X 2)(4 x 3) product, which is not even defined. Even for square matrices, where both orders are
defined, AT BT is usually wrong.

1 2 10
Example 3.4.4. LetA:[ ande[ ].Then
01 31
_(r-1+2-3 1-0+2-1] |7 2 T _|7 3
AB_[0-1+1-3 0-0+1-1}_[3 1}’ (4B) _[2 1}’
and
r,r_ |1 3|t ol _[1+6 0+3] [7 3|_ T
B _[o 1”2 1]_ 0+2 0+1 _[2 1]_(AB)’
while

ey s -l e

Applying (d) twice, (ABC)T = ((AB)C)" = CT(AB)T = CTBTAT, and by induction (A4, - - - Ap)T =
Al - ATAT.

Dot products as matrix products. We identify a 1 X 1 matrix [ ¢] with its single entry c. For
u,v € F", the product u”v of the 1 X n matrix u” and the n x 1 matrix v is the 1 X 1 matrix with entry
U101 + - - - + Upv,. So

Proposition 3.4.5. Let A be an m X n matrix, x € F* and y € F. Then (Ax) -y = x - (ATy).

Proof. By Theorem 3.4.3(d) and associativity of the product (Theorem 3.3.9(a)), (Ax) -y = (Ax)Ty =
(x"ANy =x"(ATy) =x - (ATy). O

This identity is how the transpose enters geometry: in Chapter 10 it leads to orthogonal projections
and least squares.

3.4.2 Symmetric matrices

Definition 3.4.6 (Symmetric and skew-symmetric matrices). A square matrix A is symmetric if
AT = A, that is, a;j = aj; for all i, j. It is skew-symmetric if AT = —A, that is, aj; = —ajj for all i, j.

A non-square matrix cannot be symmetric, since AT and A have different sizes. In a symmetric matrix
each entry above the diagonal equals its mirror image below the diagonal.

Example 3.4.7.

2 10 0 2 -1
S=11 3 4| is symmetric, K=1[-2 0 3] is skew-symmetric.
0 4 5 1 -3 0
For a skew-symmetric matrix, a;; = —a;;, so (1 + 1)a; = 0. Over R (indeed over any field in which

1+ 1 # 0) this forces a;; = 0: the diagonal of a skew-symmetric matrix is zero. Over Z,, where —1 = 1,
skew-symmetric and symmetric mean the same thing.
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Proposition 3.4.8. Symmetric matrices can be built from any matrix:

(a) For every m X n matrix A, the n X n matrix AT A and the m x m matrix AAT are symmetric.
Moreover (ATA)U =a,; - aj, where ay, ..., a, are the columns of A.

(b) For every square matrix A, the matrix A + AT is symmetric and A — AT is skew-symmetric.

() If 1+ 1 # 0in F (for instance over R or C), every square matrix is, in exactly one way, the
sum of a symmetric and a skew-symmetric matrix:

A=1@A+AT)+1A-AT).

2

Proof. (a) By Theorem 3.4.3(d) and (a), (ATA)T = AT(AT)T = AT A, and likewise (AAT)T = (AT)TAT =
AAT . For the entries: row i of AT is column i of A, so (ATA)ij = Zk(AT)ikakj = Dk GkiGkj = a; - ;.

(b) By Theorem 3.4.3(a)—(c), (A+AT)T = AT+ A=A+AT and (A-AT)T = AT —A=—-(A-AT).

(c) Here % denotes the inverse of 1 + 1 in IF. The two matrices in the displayed sum are symmetric and
skew-symmetric by (b) and Theorem 3.4.3(c), and they add up to %A + %A = A. For uniqueness, suppose
A=S5+K =5 +K’ with 5, S" symmetric and K, K’ skew-symmetric. Then M = § - §’ = K’ — K is both
symmetric and skew-symmetric, so M = MT = —M and (1 + 1)M = O, hence M = O (multiply by %)
SoS=SandK =K' ]

Example 3.4.9. Let A have columns a; = (1,0,1) and a; = (2,1,0). Thena;-a; =1+0+1 = 2,
a;ra;=2+0+0=2anday-a,=4+1+0=5,s0

2 2

T _
, AA_[2 5

1
A=|0
1

S = N

5
}, AAT = |2
1

S = N
_O =

both symmetric (the entries of AAT are the dot products of the rows of A).

Matrices of the form AT A return in least squares (Section 10.4) and in the singular value decomposition
(Chapter 11), and symmetric matrices are the subject of the spectral theorem (Section 11.1).

3.4.3 Triangular and diagonal matrices

Definition 3.4.10 (Triangular and diagonal matrices). A square matrix A = (a;;) is

« upper triangular if a;; = 0 whenever i > j (all entries below the main diagonal are zero);
« lower triangular if a;; = 0 whenever i < j (all entries above the main diagonal are zero);

« diagonal if a;; = 0 whenever i # j, that is, if it is both upper and lower triangular.

The diagonal matrix with diagonal entries dy, . . ., d, is written diag(dy, . .., d,).

The identity matrix I,, = diag(1,...,1) and the zero matrix are diagonal (Figure 3.10). An echelon form
U of a square matrix is upper triangular: the leading entry of each nonzero row lies strictly to the right
of the leading entry of the row above, so by induction the leading entry of row i lies in a column j > i,
and every entry of row i to the left of column i is zero; zero rows have no nonzero entries at all. Since
AT has (AT);; = aj;, the transpose of an upper triangular matrix is lower triangular and vice versa.
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* *x 0 0 0 x 0 0 0
0 x * 0 0 0 * 0 0
0 0 * 0 0 0 % 0
0 0 0 = * 0 0 0 x
upper triangular lower triangular diagonal

Figure 3.10: Upper triangular, lower triangular and diagonal 4 X 4 matrices. Entries in the white regions
are zero; the shaded entries may take any value.

Theorem 3.4.11 (Products of triangular matrices). Let A and B be n X n matrices.

(a) If A and B are upper triangular, then AB is upper triangular and (AB);; = a;;b;; for every i.
(b) If A and B are lower triangular, then AB is lower triangular and (AB);; = a;;b;; for every i.

(c) diag(d,...,d,)diag(ey,...,e,) = diag(d;ey,...,d,e,). In particular, diagonal matrices of
the same size commute.

Proof. (a) We have (AB);j = 3.}, ajxby;. Since A is upper triangular, a;; = 0 unless k > i; since B is
upper triangular, bi; = 0 unless k < j. So the k-th term can be nonzero only if i < k < j. Ifi > j there
is no such k, every term is zero, and (AB);; = 0; so AB is upper triangular. If i = j the only possible k
is k = i, and (AB);; = a;;b;;.

(b) AT and BT are upper triangular, so by Theorem 3.4.3(d) and part (a), (AB)T = BTAT is upper
triangular, hence AB = ((AB)T)T is lower triangular. Its diagonal entries are those of BT AT, namely
biiaii = aiibii.

(c) A diagonal matrix is both upper and lower triangular, so by (a) and (b) the product is both, hence
diagonal, with diagonal entries d;e;. Since d;e; = e;d;, the product in the other order is the same
matrix. m|

Example 3.4.12. Row by column,
1 2][4 5] [1-4+2-0 1-5+2-6] [4 17]
0 3[|0 6/ [0-4+3-0 0-5+3-6] |0 18"
upper triangular, with diagonal entries 4 = 1 - 4 and 18 = 3 - 6. The entry above the diagonal, 17, is not

simply 2 - 5; only the diagonal entries multiply in this simple way.

Triangular matrices are the reason elimination works so well: in Section 3.7 (Lecture 18) we write a
matrix as a product A = LU of a lower triangular and an upper triangular matrix.

3.4.4 Block matrices

Large matrices often have structure that is easier to see in pieces. Cutting a matrix by horizontal
lines between some of its rows and vertical lines between some of its columns divides it into smaller
matrices, its blocks; a matrix viewed this way is a block matrix (or partitioned matrix). For example,
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where I = I; and O is the 2 X 2 zero matrix. In general we write A = (A,;), where A, is the block in
the r-th row of blocks and the s-th column of blocks.

Theorem 3.4.13 (Block multiplication). Let A be m X n and B be n X p. Cut the rows of A into

groups of sizes my, ..., mg, the columns of A into groups of sizes ny, . .., ng, the rows of B into
the same groups ny, . . ., ng, and the columns of B into groups of sizes p, . .., pr. Then AB, cut
into rows my, ..., mg and columns py, . .., pr, has blocks

S
(AB)ry = ) ArsByt = AriBy + AraBys + -+ + ArsBs.

s=1

In particular, for 2 X 2 block matrices with matching cuts,

[Au A12} lBu B12} _ [A11B11+A12321 A11Biz + A12By
Az Az |Ba1 Ba A21Bi1 + A2By1 A21Biz + AgBaa |

The condition on the cuts makes every product A,sBs; defined: A, has ns columns and Bg; has ng rows.
Within each product the order must be kept, since matrices do not commute.

Proof. Let K; be the set of column indices of A in the s-th group; it is also the set of row indices of B
in the s-th group, and {1,. .., n} is the disjoint union of K3, . . ., K. Take an entry of AB in row i and
column j, where i lies in the r-th row group and j in the ¢-th column group. Splitting the sum over k

according to the groups,
Z aikbkj.

keK;

(AB)ij = Z aikbkj =

n S
k=1 s=1

For fixed s, the numbers a;; with k € K, form the row of A, that contains row i of A, and the
numbers by ; with k € K form the column of By; that contains column j of B. So the inner sum is the
corresponding entry of A,sBg;, and (AB);; is the corresponding entry of }; A,Bs;. Since matrices are
added entry by entry, this is the statement of the theorem. O

Example 3.4.14. For the matrix M above, block multiplication gives

ol 3l 3 - 2

using IY = YI = Y and OY = YO = O for 2 X 2 matrices Y. Entry by entry, the product of two 4 x 4

II+X0 IX+XI
OI+10 OX+1I

I kX
matrices needs 64 products of entries; with blocks we needed none. By induction, M* = [ 0 I ] for
every k > 1.

Two special cuts are rules we already know. Cutting B into its columns by, ..., b, (and not cutting A
at all) gives the column form of the product (Definition 3.3.1), AB=A[b; --- b, ]| = [Aby --- Ab, |.
Cutting A into its columns ay, . . ., a, and a column vector x into its entries gives Ax = xja; + - - - + Xpap,

the definition of the matrix-vector product (Definition 3.1.1).
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3.4.5 The trace

Definition 3.4.15 (Trace). The trace of an n X n matrix A is the sum of its diagonal entries:

n

trA=ay+axp+---+ay, :Za”'
i=1

For example, trI, = n (more precisely, 1 + 1 + - -- + 1 with n terms, which is n in R), and for the
symmetric matrix S of Example 3.4.7, tr S = 2+ 3 + 5 = 10.
Theorem 3.4.16 (Properties of the trace). Let A and B be n X n matrices and ¢ € F.

(@) tr(A+B) =trA+trBand tr(cA) = ctrA;

(b) tr(AT) = tr A;

(c) more generally, if A is m X n and B is n X m, then tr(AB) = tr(BA).

Proof. (a) tr(A + B) = > ;(aj; + bi;) = X; aii + 2; by, using the commutative and associative laws of
addition in F; and tr(cA) = }; ca;; = ¢ ); a;; by the distributive law.

(b) (AT);; = ay, so the two diagonals are the same.

(c) AB is m X m and BA is n X n, so both traces are defined. By the definition of the product,

tr(AB) = Zm:(AB)ii = i Zn: aikbri, tr(BA) = i(BA)kk = i Zm: briai-
i=1 k=1

i=1 k=1 k=1 i=1

Both double sums add the mn products a;;by; = by;aix, one for each pair (i, k), only in a different order.

Since addition in F is commutative and associative, they are equal. O
2 0 .
Example 3.4.17. Let A = 4} and B = [1 ol By the column rule, the first column of AB is

A(0,1) = (2,4), the second column of A, and the second column of AB is A(1,0) = (1,3), the first
column of A. Similarly, row i of BA is row i of B times A, so the first row of BA is (0,1)A = (3,4) and

the second is (1,0)A = (1, 2):
2 1], BA = ls‘ 4] '

4 3 1 2
So AB # BA,but tr(AB) =2+ 3 =5=3+2 = tr(BA).

AB =

Three or more factors. Applying Theorem 3.4.16(c) to the two factors A and BC gives tr(ABC) =
tr(BCA), and again = tr(CAB): the trace is unchanged by cyclic moves. Other rearrangements can

change it. With
1 0 0 1 0 0
T A F A
1 0
we get ABC = [0 0}, of trace 1, but AC = O, so ACB = O, of trace 0.

| Proposition 3.4.18. There are no n X n real matrices A and B with AB — BA = I,.

Proof. By Theorem 3.4.16(a) and (c), tr(AB — BA) = tr(AB) — tr(BA) = 0, while tr I, = n # 0. O
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The proof works over every field in whichn =1+ --- + 1 (n terms) is not zero. Over Z; and n = 2 it
. 0 0]]0 1 0 1[0 O 0 0 1 0 -1 0 .
fails, and so does the statement: [ ] [ ] - [1 0} = [0 1} - [O 0} = [ 0 1} =L in

1 0ff0 O 0 0
Preview. In Chapter 8 (Lecture 38) we will see that, over C, the trace of an n X n matrix is the sum of its
eigenvalues, counted with multiplicity. We do not prove this here; it is stated only as a look ahead.

Check yourself

Zy, since —1 = 1 there.

1 -1
Let A={2 0 |.(a) Write down AT and compute AT A. Is it symmetric? (b) Compute tr(ATA)
0 3

and tr(AAT) without computing AA”. (c) True or false: if A and B are n X n and symmetric, then
AB is symmetric.

Supplement: beyond the lecture

This material is not needed later in the course, but it rounds out the picture.

Strictly triangular matrices are nilpotent. An upper triangular matrix with zeros on the diagonal
is called strictly upper triangular. If N is n X n and strictly upper triangular, then N" = O. Indeed,
(N);j =0 unless j > i + 1, and the argument in the proof of Theorem 3.4.11 shows by induction that
(Nk),-j = 0 unless j > i +k; for k = n no pair of indices between 1 and n satisfies j > i + n. For example,

0 1 2

0 0
=10 0 and the cube is O.
0 0

S O W

0 0 3
0 0 0

The trace is the only such function. Up to a constant factor, the trace is the only function f
from n X n matrices to F with f(A + B) = f(A) + f(B), f(cA) = cf(A) and f(AB) = f(BA). To see
the idea, let E;; be the matrix with a single 1 in position (i, j). Then E;;E;; = E;; and Ej;E;; = Ej;,
SO f(E”) = f(E]]), and for i # j, Eij = EiiEij while EijEii = O, SO f(El]) = f(O) = 0. Writing
A= Z a,-jEij giVGS f(A) = f(Ell) tr A.

The conjugate transpose. Over C the transpose is usually combined with complex conjugation: the

—T
conjugate transpose of Ais A* = A, with (A”);; = aj;. It obeys the same rules as the transpose, except
that (cA)* = ¢ A¥, and matrices with A* = A (called Hermitian) play the role of symmetric matrices in
Chapters 10 and 11.

3.5 Inverse matrices

Lecture 16

For numbers, undoing a multiplication is easy. If 3x = 6, we multiply both sides by % the inverse
of 3, and get x = 2. For matrices we now have the same kind of equation, Ax = b, and Section 3.2
showed that a matrix moves the plane. So we ask: can we undo what A does? A shear slides every
point sideways, by an amount that grows with its height, and clearly we can slide everything back. A
projection flattens the whole plane onto a line, and nothing can unflatten it.
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This section makes the question precise. We define the inverse of a matrix, find a formula for 2 x 2
matrices, and prove the rules that inverses obey. Then we learn Gauss—Jordan inversion, a method that
computes the inverse of any invertible matrix, or tells us that there is none.

Throughout, F is a field (Section 2.1) and all matrices have entries in F. We use these facts about the
matrix product from Section 3.3: column j of AB is A times column j of B; (AB)x = A(Bx); the product
is associative, (AB)C = A(BC); I,,A = A = Al, for an m X n matrix A; ¢c(AB) = (cA)B = A(cB) for
scalars c; and a product with a zero matrix O is a zero matrix. From Section 3.4 we use (AB)T = BT AT
and IT = .

3.5.1 Invertible matrices

Definition 3.5.1 (Invertible matrix, inverse). Let A be an n X n matrix over F. We say that A is
invertible if there is an n X n matrix B such that

AB=1, and BA =1,,.

Such a matrix B is called an inverse of A.

Only square matrices are called invertible here. A matrix that is not square can still have a one-sided
inverse (see the supplement at the end of this section), but never a two-sided one (this is proved with
the rank in Corollary 5.2.14). Both products in the definition are the matrix product of Section 3.3, and
both must equal I,, (Definition 3.1.5).

1 1 1 -1
Alo el
A is a shear: it slides every point to the right by its height. To undo it we slide back the other way,

which is what B does. We compute AB column by column. Column 1 of AB is A times the first column
(1,0) of B, that is, one copy of the first column of A:

1] 1

1 |o]”

1
Al |=1]|+0
1 ~1+1

A=l Bl = o=

So AB = L. In the other order, column 1 of BA is B(1,0) = (1, 0), the first column of B, and column 2 is

1 1 -1 0
sl =[ol+[31- [0
So BA = I, too, and the shear A is invertible with inverse B. In pictures: A slides the plane to the right

by the height of each point, and B slides it back (Figure 3.11). In either order, every point ends where it
started.

Example 3.5.2. Let

1
0

Column 2 of AB is

+1

Example 3.5.3. The projection
1 0
=1
flattens the plane onto the x-axis. It is not invertible. Indeed, P(0,1) = 0 (1,0) + 1 (0,0) = 0. Suppose
some 2 X 2 matrix B had BP = I. Then

- -anf] ) -

which is false. So no B satisfies BP = I, and in particular P has no inverse.
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A
A —> slide by 1
€2 Aez = (13 1)
- S
B
€ Ae; = (1,0)
unit square after the shear A

Figure 3.11: Example 3.5.2: the shear A turns the unit square (left) into a parallelogram (right), sliding
the top edge one unit to the right; e; (green) stays, e, (coral) goes to (1, 1). The matrix B slides it back.

The same argument works in general: a square matrix A with Ax = 0 for some x # 0 is not invertible.
For if BA = I, then x = Ix = (BA)x = B(Ax) = B0 = 0, a contradiction. A matrix that sends a nonzero
vector to zero can never be undone.

3.5.2 One inverse, and solving Ax =b

Proposition 3.5.4 (Uniqueness of the inverse). An n X n matrix has at most one inverse: if B
and C are both inverses of A, then B = C.
Proof. We have AC = I (since C is an inverse) and BA = I (since B is an inverse). Hence
B=BI=B(AC) = (BA)C=IC=C,

using BI = B, then I = AC, then associativity, then BA = I, and finally IC = C. m]

So an invertible matrix has exactly one inverse, and we give it a name.

Notation. The inverse of an invertible matrix A is written A™! (read “A inverse”). It is defined by the
two equations
AAT'=1 and AT'A=L

A warning: A™! is not 1/A. There is no division of matrices. The inverse is a matrix in its own right,

1
1 1 1 -1
and we always multiply by it. In Example 3.5.2, [ 0 1] = [ 0o 1l

Here is the reason inverses matter.

Theorem 3.5.5 (Solving with the inverse). Let A be an invertible n X n matrix. Then for every
b € F" the system Ax = b has exactly one solution, namely

x=A"'b.

Proof. 1t is a solution. A(A~'b) = (AA")b=1b =b.

It is the only one. Suppose Ax = b. Multiply both sides on the left by A™!: A~1(Ax) = A~'b. The left
sideis (A7!A)x = Ix =x. Sox = A™'b. m|
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This is exactly how we solved 3x = 6: we multiplied by the inverse. With matrices, though, the side
matters. We multiply on the left, because Ax has A on the left; the product xA™! is not even defined
when n > 2.

3.5.3 Two by two inverses

For 2 X 2 matrices there is a formula, and a single number decides everything.

b
Theorem 3.5.6 (Inverse of a 2 X 2 matrix). Let A = @ ] over F.

d

(a) If ad — bc # 0, then A is invertible and

e 1 [d —b]_

=ad—bc |—¢c a

(b) If ad — bc = 0, then A is not invertible.

In words: swap the two diagonal entries, change the signs of the other two, and divide by ad — bc.

d

—C

Proof. Let N = [ _ab]. We compute AN one column at a time. The first column is

d [a] [b] [ad - bc ad — bc
A[ }_dEC__CEd__»Cd—Cd]_[ 0 }
_ 0
| ld|  |-bc+ad|  |ad—bc|’
So AN = (ad — bc)I. In the other order, the columns of NA are
a d -b b d -b bd — bd
Sl R D R o B R A R Y R e

so NA = (ad — bc)I as well. (We used commutativity of multiplication in F, for instance ¢b = bc.)

(@) Let § = ad —bc # 0 and B = 5"!N. Then AB = § '(AN) = §7'6I = I, and in the same way
BA = §"1(NA) =1. So A is invertible with A~} = §7IN.

and the second is

+a =

A[—ab] - a b —ab + ab

ad — be

—ac + ac

+c

>

(b) Suppose ad — bc = 0. Then AN = 01 = O, the zero matrix. If A had an inverse, then
N=IN=(AT"AN=A"1AN)=A"'0=0.

The entries of N are d, —b,—c,a,s0a=b =c=d =0and A = 0. But OB = O # I for every B, so the
zero matrix has no inverse. This contradiction shows that A is not invertible. m]

The number ad — bc is called the determinant of A. We meet it properly in Chapter 7, where it measures
how A scales areas.

Example 3.5.7. Take the matrix of the system 2x —y = 1, x + y = 5 from Example 1.1.5,

A:[f ‘11].
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Here ad —bc=2-1-(-1)-1=2+1 =3 # 0. Swapping the diagonal entries 2 and 1 and changing the
signs of —1 and 1 gives, by Theorem 3.5.6,

1({1 1
-1_ =
A =3 [—1 2] '
By Theorem 3.5.5 the system Ax = (1, 5) is solved in one step. By the row rule (Proposition 3.1.4),
1 1 1-1+1-5 116 2
= A_1 = — = — =
* H 3[(—1)-1+2-5] 3[9] [3]

the solution found in Example 1.1.5. For any other right-hand side, the same A™! solves the system at
once.

2 4
one line, and by Theorem 3.5.6(b) it has no inverse.

1 2
The second matrix of Example 3.1.10, [ ], hasad —bc=1-4-2-2=4-4=0. Its columns lie on

3.5.4 Rules for inverses

Theorem 3.5.8 (Rules for inverses). Let A and B be invertible n X n matrices.
(a) A™!isinvertible, and (A7)~ = A.
(b) AB is invertible, and (AB)~! = B~!A™L.
(c) AT is invertible, and (AT)~! = (A~1)T.

Proof. In each part we exhibit a matrix and check both products of Definition 3.5.1; by Proposition 3.5.4
that matrix is then the inverse.

(a) The equations A™!A = [ and AA™! = I, which define A™!, say exactly that A is an inverse of A™1,
read from the other side.

(b) By associativity the middle pair comes together:
(AB)(B'A™) =ABBHA ' = AIA 1 = 4A = ],
and in the other order

(B'A™)(AB)=B 'Y (A™'A)B=B"'IB=B"'B=1.

(c) By the rule (XY)T = YTXT of Section 3.4 and I” =1,

AT(A—l)T — (A—IA)T - IT — I and (A—I)TAT — (AA—I)T — IT - I D

Notice the order in (b): it is reversed. Think of putting on socks and then shoes. To undo it, you take
off the shoes first and then the socks. The last step done is the first step undone.

Some consequences and warnings.

« Scalar multiples. If ¢ € F and ¢ # 0, then cA is invertible with (cA)™! = ¢ A7, since
(cA)(c7'A™Y) = (cc™!)(AA™) = 1-1 = I and in the same way (¢ !A™1)(cA) = (c71c)(AA) = L.
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« Longer products. If Ay, ..., Ay are invertible n X n matrices, then so is AjA; - - - Ak, and
(A1Ay A=A ATAT

This follows by induction on k: the case k = 1 is clear, and if it holds for k — 1 factors, then (b)
applied to Ay - -- Ax_y and Ay gives (A;---Ap) "' = ALV (Ay - Ap) T = ATALL - AT
1

}andB - [1

01

1 1
« The order matters. In general (AB)™! # A7!B~!. For A = [ .

0
] we have

1 -1

-1 _
A _[0 1

], B l= [_11 (1)] (both by Theorem 3.5.6, with ad — bc = 1), and

2 1
1 1

AB=[ } (AB)‘1=B‘1A‘1=[11 _21] but A—lB—lz[z _1].

-1 1

« Sums. A sum of invertible matrices need not be invertible: I and —I are invertible (each is its
own inverse), but I + (=I) = O is not.

3.5.5 One product is enough

So far, to show that B is the inverse of A, we have checked two products, AB and BA. Matrix multipli-
cation is not commutative, so it seems that we need both. For square matrices, one is enough. The
proof is demanding, so read it slowly. It uses the two pivot theorems of Section 3.1.

Proposition 3.5.9 (One product is enough). Let A and X be n X n matrices with AX = I. Then
XA =1 as well, so A is invertible and X = AL,

Proof. Step 1: Xz = b has a solution for every b. First, Xy = 0 has only the trivial solution: if Xy = 0,
then
y =1y = (AX)y = A(Xy) = A0 = 0.

By Proposition 3.1.13, an echelon form of X has a pivot in every column. That makes n pivots. Each
pivot is the leading entry of its row, so each row holds at most one pivot, and the n pivots lie in n
different rows. X has only n rows, so every row has a pivot. By Theorem 3.1.9, Xz = b has a solution
for every b € F™.

Step 2: XA = 1. Let b € F", and choose z with Xz = b (Step 1). Then
(XA)b = (XA)(Xz) = X(A(Xz)) = X((AX)z) = X(Iz) = Xz =D.

So XA sends every vector to itself, just as I does. Take b = e}, the j-th column of I. Column j of XA
is (XA)e; = e}, the j-th column of I (Section 3.1). This holds for every j, so XA = I. Together with
AX = [ this says that X is an inverse of A. O

Likewise, if XA = I, then AX = I: apply Proposition 3.5.9 to the pair (X, A) in place of (A, X). Its
hypothesis is now XA = I, and its conclusion is AX = I. So for square matrices, to check that B is the
inverse of A, it is enough to check one of AB =1 and BA = 1.

This may look like a technicality, but it is what makes the method of the next subsection work.
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Only for square matrices. Proposition 3.5.9 is special to square matrices. For

1
A=(1 0 X =
Lol x=[y]
0
0
a pivot in every column does not give a pivot in every row.

1
we get AX = [1] =1, but XA = [0 ] # I,. The proof breaks down in Step 1: for the 2 X 1 matrix X,

3.5.6 Gauss—Jordan inversion

How do we find the inverse of a bigger matrix? Write the unknown inverse X by its columns x, . . ., X,
and let ey, ..., e, be the columns of I,,, the standard basis vectors of Section 3.2: e; has a 1 in position j
and zeros elsewhere. Column j of AX is Ax;, so the equation AX = I says, column by column,

AX1 = e, AXZ = €y, ey AXn = €5.

These are n systems, all with the same matrix A. Row reduction treats each column on its own, so we
can solve them all at once: we write A with the whole identity beside it, [ A | I, ], and row reduce.

Theorem 3.5.10 (Gauss—Jordan inversion). Let A be an n X n matrix over F.
(@) If[A | I, ] row reduces to [ I, | X ], then A is invertible and X = A™!.

(b) If the reduced row echelon form of A is not I,,, then A is not invertible.

(c) Hence A is invertible if and only if its reduced row echelon form is I,,, and in that case
[A|I,] row reduces to [I, | A™!].

Proof. (a) Suppose a sequence of row operations takes [ A | I, ] to [ I, | X ], and let x; be column j of
X. A row operation changes each column using only the entries of that column (it adds a multiple of
one entry to another in the same column, swaps two entries of the column, or scales one of them), so
it acts on each column independently. Keeping only the first n columns and column n + j, the same
operations therefore take [ A | e; ] to [ I, | x; ]. By Theorem 2.3.4 the system Ax = e; has the same
solutions as I,x = x;. Since I,x = x, the only solution of the latter is x = x;. Hence Ax; = e; for every
Jj, that is, every column of AX equals the matching column of I,,, and AX = I,,. By Proposition 3.5.9,
XA =1, too,s0 X = AL

(b) First we show that a square matrix R in reduced row echelon form with a pivot in every column is I,,.
Such an R has n pivots, at most one in each row, so (as in the proof of Proposition 3.5.9) every one
of the n rows has a pivot. Let row i have its pivot in column j;. Leading entries move strictly to the
right as we go down (Definition 2.4.1(ii)), so 1 < j; < j, < - -+ < j, < n. These are n different integers
between 1 and n in increasing order, so j; = i for every i. By conditions (iii) and (iv) of Definition 2.4.1,
each pivot is 1 and is the only nonzero entry of its column. So column i of R is e; for every i, and R = I,,.

Now let R be the reduced row echelon form of A and suppose R # I,,. By what we just showed, some
column of R has no pivot, so the system Rx = 0 has a free variable (Definition 2.4.6). By Proposition 2.5.8
it has a nontrivial solution x # 0, and by Theorem 2.3.4 (applied to [ A | 0], which row reduces to
[R| 0]) this x also solves Ax = 0. But if A were invertible, Theorem 3.5.5 with b = 0 would say that
Ax = 0 has only the solution x = A710 = 0. So A is not invertible.

(c) By Theorems 2.4.4 and 2.4.9, A has exactly one reduced row echelon form R. If A is invertible, then
R =1, by (b). Conversely, suppose R = I,, and apply the row operations that take A to I, to the whole
matrix [ A | I, ]. Since they act on each column independently, the left block becomes I,,, and the
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right block becomes some matrix X. By (a), A is invertible and X = A™1; so [ A | I, ] row reduces to
[L. |A71]. 0

In practice: row reduce [ A | I ] by Gauss—Jordan elimination (Section 2.4). If the left block becomes I,
the right block is AL If the left block produces a row of zeros, or otherwise cannot become I, then A
is not invertible. Section 3.6 collects many more conditions that are equivalent to invertibility in the
invertible matrix theorem.

Example 3.5.11. Let
1 2 0
A=10 1 1f.
1 2 1
We write A with I3 beside it. Forward phase. The first column needs a zero in row 3. The replacement
R3; — R3 —R; gives1 -1=0,2-2=0,1-0=1and, after thebar,0-1=-1,0-0=0,1-0=1:
1
0
-1

1 R3 —)R3 —-R;
0 —_—
1

N = DN

01
110
110

S = O

0 1
0 0
1 0

S =N

0
1
1

S = O

0
0
1

The left block is now in echelon form, with pivots 1, 1, 1. Backward phase. The last pivot, in row 3, has
a 1 above it in row 2. The replacement R, — R, — R3 gives0 —0=0,1—-0=1,1—1 = 0 and, after the
bar,0— (-1)=1,1-0=1,0-1=—1:

1 2 0 1 0 0

R2—>R2—R3
— |0 1 0 1 1 -1
0 0 1(-1 0 1

Row 1 already has a 0 in column 3. The pivot in row 2 has a 2 above it, so we use Ry — R; — 2R;:
1-2-0=1,2-2-1=0,0—2-0=0and, afterthebar,1-2-1=-1,0-2-1=-2,0-2-(-1) = 2:

1 0 0|-1 -2 2
Ri—R1-2R;
— | 0 1 0 1 1 -1
0 0 1|-1 0 1

-1 -2 2
Al=]1 1 =1
-1 0 1

Check. By the row rule, A times the first column (-1,1,-1) of A™! is

1-(-D)+2-1+0-(-1) -1+2 1
0-(-)+1-1+1-(-1)|=]| 1-1 |=|0]=e,
1-(-1)+2-1+1-(-1) -1+2-1 0

as it should be. The other two columns give A(-2,1,0) = (-2+2, 1, —2+2) = (0,1,0) and A(2,-1,1) =
(2-2, -1+1,2-2+1) =(0,0,1), so AA~! = I; by Proposition 3.5.9 the other product ATTA=]
needs no separate check.

Example 3.5.12. When the method fails, it fails visibly. Take A = [; i] and write I, beside it. The

replacement R, — R, — 2Ry gives2—2-1=0,4—-2-2 =0 and, after thebar,0—2-1=-2,1-2-0=1:

1 2
2 410 1 0 0|-2 1

1 0] Ry—Ry—2R, [1 2| 1 0]
- - 5
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The left block has a row of zeros, and no further row operation can create a pivot in it: the reduced
1 2
row echelon form of A is [0 0] # I,. By Theorem 3.5.10(b), A is not invertible, as Theorem 3.5.6(b)

also said. Indeed, the second column has no pivot, so there is a free variable, and by the column rule

-2 1 2 0
A= bl il =L
So A flattens the plane onto the line spanned by (1, 2), like the projection of Example 3.5.3.

Remark 3.5.13. To solve a single system Ax = b, it is less work to row reduce [ A | b] than to
compute A~! first and then multiply. For a large n X n matrix, elimination on [ A | b] takes roughly
n? /3 multiplications, while computing A™! takes roughly n*. The inverse pays off when we need many
right-hand sides, or when we reason about A itself, as in Theorem 3.5.5.

Check yourself

1
(a) Use Theorem 3.5.6 to find the inverse of [ ], and check one of the two products.

3
5 2

1 0 0
(b) Use Gauss—Jordan inversion to find the inverse of [2 1 0].
0 1 1

1 2 3
(c)Let A= |0 1 1|.IsAinvertible? Decide with Theorem 3.5.10, and find a nonzero x with
1 3 4

Ax = 0 if there is one.

Supplement: beyond the lecture

This material is not needed later in the course, but it rounds out the picture.

Over a finite field. Everything in this section uses only the field operations, so it holds over Z,. In
1 2
Theorem 3.5.6, dividing by ad — bc means multiplying by its inverse in the field. Over Zs, let A = [ 3 4} .

Thenad —bc=4-6=-2=3,and 37! =2in Zs because 3-2 =6 = 1. So
4 =2 4 3 8 6 3 1

_1_ _ _ _
4 _2[—3 1]_2[2 1]‘[4 2]‘[4 2]’

348 1+4

. . . -1 _
and indeed, computing in Z5, AA™" = 9+16 3+8

11 5 1 0 ..
= [25 11} = [0 1]. Whether a matrix is

1 2
invertible can depend on the field: has ad — bc =1 - 6 = -5, so it is invertible over R but not

over Zs, where —5 = 0.

One-sided inverses. An m X n matrix A with m # n can have a right inverse X (AX = I,,,) or a left
inverse Y (YA = I,,), but not both. The 1 X 2 matrix A = [1 O] of the paragraph after Proposition 3.5.9
has the right inverse (1, 0), and also (1, t) for every ¢, so a one-sided inverse need not be unique; it has
no left inverse, since YA is a 2 X 2 matrix whose second column is Y times the second column (0) of
A, which is 0. The general statement is proved with the rank of a matrix in Corollary 5.2.14: a right
inverse exists exactly when there is a pivot in every row, a left inverse exactly when there is a pivot in
every column, and both happen only when m = n.
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Negative powers. For an invertible n x n matrix A and k > 1, the power A is invertible with
(A7 =@k,

by the rule for longer products with all k factors equal to A. We define A™% = (A™)* and A° = I. With
these definitions the familiar laws

AlAR = At and W)k =45k
hold for all integers j and k.

Proof. Write B=A"!, so A™™ = B™ for every m > 0, and A™B™ = B™A™ = [ because B™ = (A™)" 1,

The product law. If j, k > 0, this is the law for non-negative powers after Definition 3.3.10. If j, k < 0,
then A/AK = B~/ B~% = B~/=% = A/*k by the same law applied to B. Suppose now j > 0 and k = -m
with m > 0. If j > m, then A/B™ = A/"™(A™B™) = A/™™_If j < m, then A/B™ = (A/B/)B™J =

B™J/ = AJ™™ In both cases AJAF = A/**_ The case j < 0 < k is the same argument with B"A™ = [ in
place of A"B™ = I.

The power law. First let k > 0 and j be any integer. We induct on k. For k = 0 both sides are I, and
(ATYk+1 = (A))kAT = ATk AT = ATR*] by the product law. Next, the product law gives AJA™/ = A7JAJ =
A = I, so A’ is invertible with (A7)™! = A/, Hence for k = —m with m > 0, (A/)* = ((Aj)_l)m =

(A~7)m = A=Jm = AJk using the case already proved. O
P DU B .

For the shear of Example 3.5.2, A7 = 0o 1l sliding back k times.

Diagonal matrices. A diagonal matrix D = diag(dy, ..., d,) with every d; # 0 is invertible, with

>¥'n >¥'n

the product is I, and Proposition 3.5.9 gives the other order. If some d; = 0, then De; = 0, and D is not
invertible by the remark after Example 3.5.3.

D! = diag(d;!,...,d;"). Indeed, column j of D diag(d;},...,d;?!) is D(dj_lej) = dj_l(djej) =ej, SO

3.6 The invertible matrix theorem

Lecture 17

In Section 3.5 we learned Gauss—Jordan inversion and proved that a square matrix is invertible exactly
when its reduced row echelon form is the identity. Along the way we met other properties of a square
matrix A: the equation Ax = 0 may have only the trivial solution; the columns of A may be linearly
independent, or they may span the whole space; and Ax = b may have a solution for every b. These
look like different questions. In this section we prove that, for a square matrix, they all have the same
answer. This is the invertible matrix theorem, one of the central results of the course.

First we need one more tool: every row operation is a multiplication by a matrix, called an elementary
matrix. This turns row reduction into matrix algebra, and it explains why Gauss—Jordan inversion
works.

Throughout, F is a field and all matrices have entries in F. Row r of the identity I,,, has a 1 in position r
and zeros elsewhere.
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3.6.1 Elementary matrices

Definition 3.6.1 (Elementary matrix). An m X m matrix E is an elementary matrix if it is
obtained from the identity I, by a single elementary row operation (Definition 2.3.1). We call E
the elementary matrix of that operation.

There are three kinds, one for each kind of row operation. The identity itself is elementary: it is the
elementary matrix of the scaling Ry — 1 R;.

Example 3.6.2. Over R, from I; we get, by the swap R; < R, the scaling R3 — 5R; and the
replacement R3 — R3 — 2Ry,

0 10 100 1 00
E1=1 0 0, E2:0 1 O, E3— 0 1 0].
0 0 1 0 0 5 -2 0 1

(E; and E; are elementary over every field. Over Zs, however, 5 = 0, the scaling by 5 is not allowed,
and E; is not elementary.)

In the plane the 2 X 2 elementary matrices are simple moves (Figure 3.12). Swapping the two rows

0 1
of I, gives [1 O]’ which exchanges the two coordinates: it reflects the plane across the line y = x.
2 0
Scaling the first row by 2 gives [ 0 1}, which stretches the plane along the first axis. The replacement

1 0
Ry — Ry + Ry gives [1 ] a shear: it sends (x, y) to (x, x +y).

1

Feq 2 Ee, Ee; Ee;
Ee, Ee; -
0 1 2 0 1 0
[1 0]. reflect across y = x [0 1]. stretch [1 1}. shear

Figure 3.12: Example 3.6.2: the 2 X 2 elementary matrices as moves of the plane, acting on the unit
square. Left: the swap reflects across y = x. Middle: scaling the first row by 2 stretches along the first
axis. Right: the replacement R, — R, + R; is a shear. Where e; lands is green, where e; lands is coral.

The point of elementary matrices is the next theorem.
Theorem 3.6.3 (Row operations are multiplications). Let E be the m X m elementary matrix of
a row operation. Then for every m X n matrix A over F, the product EA is the matrix obtained
by performing that row operation on A.

In words: to perform a row operation, multiply on the left by its elementary matrix.

Proof. By the row-column rule (Theorem 3.3.5), entry (r, k) of EA is row r of E times column k of A:

(EA)rk = er1a1k T ep2dok + -+ ermamk.
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Rows that the operation does not change. If row r of E is row r of I,,, then e, = 1 and every other e,s = 0,
80 (EA);x = ayi for every k: row r of EA is row r of A.

Swap R; < R;. Row i of E is row j of I,,;, so (EA)ix = ajk, and row i of EA is row j of A. In the same
way row j of EA is row i of A.

Scaling R; — cR;. Row i of E has c in position i and zeros elsewhere, so (EA);x = ¢ a;x, and row i of EA
is ¢ times row i of A.

Replacement R; — R; + cR;, i # j. Row i of E has 1 in position i, ¢ in position j and zeros elsewhere, so
(EA)ik = ajx +caji, and row i of EA is row i of A plus ¢ times row j of A.

In each case every other row of E is the matching row of I,,,, so the other rows of A are unchanged.
Hence EA is A after the row operation. O

Example 3.6.4. Let Ey, E;, E3 be as in Example 3.6.2 and

1
A=|3
2

gro= N

0
4].
1
Rows 1 and 2 of E5 are rows of I3, so rows 1 and 2 of E3A are those of A. Row 3 of E5 is (=2, 0, 1); times
the three columns of A it gives

(-2)-1+0-3+1-2=0, (-2)-2+0-1+1-5=1,  (=2)-04+0-4+1-1=1.
So

1
E3A: 3
0

_ = DN
[ N )

and the new row 3 is indeed R3 — 2R; = (2 -2, 5—4, 1 -0) = (0,1, 1). Likewise

3 1 4 1 2 0
EA=11 2 0 (rows 1,2 swapped), EEA=(3 1 4 (row 3 times 5).
2 51 10 25 5

A whole elimination is a sequence of row operations, so it is a sequence of multiplications.

Proposition 3.6.5 (Sequences of row operations). Suppose row operations with elementary
matrices Eq, E,, . . ., Ex, used in this order, take the m X n matrix A to U. Then

U= Ek . 'EgElA.

In particular, if A and U are row equivalent, then U = PA for a product P of elementary matrices.

Proof. We induct on k. For k = 1 this is Theorem 3.6.3. If the first k — 1 operations take A to
U’ = Ex_1 - - - E1A, then the last one takes U’ to E U’ by Theorem 3.6.3, and ExU’ = Ex(Ex_; - - - E1A) =
ExEg—1 - - - E1A by associativity. If A and U are row equivalent (Definition 2.3.3), a finite sequence of
row operations takes A to U; if it is empty, then U = A = [, A, and I, is elementary. O
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3.6.2 Undoing an elementary matrix
Every row operation can be undone by a row operation of the same kind:

operation undone by

Ri & R; R; & R; (the same swap)
Ri = cRi, c#0 R, — ¢ 'R; (this is why ¢ # 0)
R,'—>R1'+CR]' Rl'—>R,'—CRj

Indeed, swapping twice restores the rows; scaling row i by ¢ and then by ¢! multiplies it by ¢~!c = 1;

and adding c times row j to row i and then subtracting it again leaves row i as it was, because row
j itself does not change (i # j). The same holds in the other order, since the reverse of the reverse
operation is the original one. We call these the reverse operations.

Theorem 3.6.6 (Elementary matrices are invertible). Every elementary matrix E is invertible,
and E™! is the elementary matrix of the reverse row operation.

Proof. Let E be the m X m elementary matrix of a row operation, and let G be the elementary matrix
of the reverse operation. By Theorem 3.6.3, GE is E after the reverse operation. But E is I, after the
original operation, so GE is I,, after the operation followed by its reverse, which is I,,,. Exchanging the
roles of the two operations, EG is I, after the reverse operation followed by the original one, which is
I, t00. S0 GE=EG =1,,and G = E~L. m]
Example 3.6.7. For the matrices of Example 3.6.2: E;! = E; (swap again); E; ! scales row 3 by %; and
E3 subtracts 2 times row 1 from row 3, so E3 1 adds it back:

E,' =

O O =
S = O
gl O O

1
E;'= |0
2

S = O

0
0].
1
As a check, E3_1E3 is E3 after R3 — R3 + 2R;. Row 3 of E3 is (—2,0, 1) and two times row 1 is (2,0, 0), so

the new row 3is (=2+2, 0+0, 1+0) = (0,0,1), and E; 'E3 = I5.

3.6.3 Why Gauss—Jordan inversion works

Suppose row operations take the n X n matrix A to I,,, and let Ej, . . ., Ex. be their elementary matrices,
in the order we use them. By Proposition 3.6.5,

Ey---E;E1A=1,.

Put B = E - - - E;. Then BA = I,,, and by Proposition 3.5.9 (applied to the pair (B, A)) also AB = I, so
B = A™1. The same operations, performed on the whole matrix [ A | I, ], act on each column separately
(column j of E[ A | I, ] is E times column j), so they take it to

[EkElAlEkEIIH] = [InlB] = [In |A_1]'

This is why the right block of Gauss-Jordan inversion ends up as A~! (Theorem 3.5.10): it records the
product of the elementary matrices used. We also learn something new.

Theorem 3.6.8 (Products of elementary matrices). Let A be an n X n matrix over F.
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(@) If Ex---E;A = I, for elementary matrices Ey,..., Ex, then A is invertible and A™! =
Ej - Ej.

(b) A isinvertible if and only if A is a product of elementary matrices.

Proof. (a) With B = Ey - - - E; we have BA = I,,, so AB = I, by Proposition 3.5.9, and B = A™L.

(b) Suppose A is invertible. By Theorem 3.5.10(c) its reduced row echelon form is I,, so row operations
take A to I,. With Ey,..., E; their elementary matrices, Ey - -- E1A = I, (Proposition 3.6.5), and
B =Ej---E; = A1 by (a). By Theorem 3.5.8(a) and the rule for longer products after Theorem 3.5.8,

A=A '=B"'=(E---E) ' =EE;' - -E;Zl-

Each E; ! is elementary by Theorem 3.6.6, so A is a product of elementary matrices. (If k = 0, then
A = I,, which is elementary.) Conversely, every elementary matrix is invertible (Theorem 3.6.6),
and a product of invertible n X n matrices is invertible (the rule for longer products), so a product of
elementary matrices is invertible. O

1 2
Example 3.6.9. Let A = [3 7]. The replacement R, — R, —3R; gives3—-3-1=0and7-3-2=1,
and then Ry - Ry — 2R, gives1-2-0=1and2-2-1=0:

1 2| R;—R;-3R; 1 2| R—R-2R, |1 O
—_—_ _—_— .
3 7 0 1 0 1

The elementary matrices of the two steps are I, after the same operations:

10 1 -2
S

By Theorem 3.6.8(a) and the row-column rule,

1 Crote(=2)(=3) 1-0+(-2)-1] [7 -2
A _EZEI_[0-1+1-(—3) 0-0+1-1 | |-3 1]|°
The 2 x 2 formula (Theorem 3.5.6) agrees: ad — bc =7 — 6 = 1, so we just swap 1 and 7 and change the
signs of 2 and 3. Read the other way,

A=EE = [1 o] [1 2

3 1{|o 1| |3-1+1-0 3-2+1-1 3 7

_[1-1+0-o 1-2+0-1]_[1 2].

E1_1 adds three times row 1 back to row 2, and E; 1 adds two times row 2 back to row 1. In the plane, A
is a shear followed by another shear.

3.6.4 The invertible matrix theorem

Theorem 3.6.10 (The invertible matrix theorem). Let A be an n X n matrix over F. The following
statements are equivalent; that is, either they are all true, or they are all false.

(1) Ais invertible.
(2) There is an n X n matrix C with CA = I,.

(3) The equation Ax = 0 has only the trivial solution x = 0.
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(4) A has n pivot positions.

(5) The reduced row echelon form of A is I,.

(6) The columns of A are linearly independent.

(7) For every b € F", the equation Ax = b has at least one solution.

(8) The columns of A span F".

(9) For every b € F", the equation Ax = b has exactly one solution.
(10) There is an n X n matrix D with AD = T,,.
(11) AT is invertible.

(12) Ais a product of elementary matrices.

So to show that a square matrix is invertible, it is enough to check any one of these statements; and if
any one of them fails, they all fail. Figure 3.13 shows the plan of the proof: a loop through (1) to (5),
and every other statement attached to the loop. The proof has many steps, but each one is short; read
it one step at a time.

product of elementary matrices

RREF =1

Ax=b
always solvable

luti
poton independent
columns
Ax=0

only 0

n pivot
positions

columns
span F”

Figure 3.13: The proof of Theorem 3.6.10. Single arrows are implications, double arrows equivalences.
The loop (1) = (2) = (3) = (4) = (5) = (1) makes (1) to (5) equivalent, and every other statement
is joined to the loop.

Proof. We first prove the loop (1) = (2) = (3) = (4) = (5) = (1); then each of (1) to (5) implies all
the others. Then we attach (6) to (12).

(1) = (2). Take C= A7L.
(2) = (3). Suppose CA = I, and Ax = 0. Then x = I,x = (CA)x = C(Ax) = C0 = 0.

(3) = (4). By Proposition 3.1.13, an echelon form of A has a pivot in every column, so it has n pivots.
By Proposition 2.4.14 its pivots sit exactly in the pivot positions of A, so A has n pivot positions.

(4) = (5). Let R be the reduced row echelon form of A. It has a pivot in each of the n pivot positions.
Leading entries move strictly to the right as we go down (Definition 2.4.1(ii)), so no column holds more
than one pivot, and the n pivots lie in n different columns. R has only n columns, so every column of R
has a pivot. As shown in the proof of Theorem 3.5.10(b), a square matrix in reduced row echelon form
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with a pivot in every column is I,,. So R = I,.
(5) = (1). This is Theorem 3.5.10(c).
(3) © (6). This is the equivalence (b) & (c) of Proposition 3.1.13.

(4) © (7) © (8). Let U be an echelon form of A; by Proposition 2.4.14, A has n pivot positions exactly
when U has n pivots. Each pivot is the leading entry of its row, so each row of U holds at most one
pivot. Hence U has n pivots if and only if each of its n rows has a pivot. By Theorem 3.1.9, a pivot in
every row is equivalent to (7) and to (8).

(1) = (9) = (3). If A is invertible, then for every b the equation Ax = b has exactly one solution,
x = A™'b (Theorem 3.5.5). If (9) holds, then in particular Ax = 0 has exactly one solution, and since
x = 0 is a solution, it is the only one.

(1) © (10). If A is invertible, take D = A™!. Conversely, if AD = I,,, then A is invertible (with A~! = D)
by Proposition 3.5.9.

(1) & (11). If A is invertible, so is AT, by Theorem 3.5.8(c). Conversely, if AT is invertible, then by the
same rule so is (A7), which is A (Theorem 3.4.3(a)).

(1) & (12). This is Theorem 3.6.8(b).

Every statement is now joined to the loop, so all twelve are equivalent. O

Some of these equivalences we had already met: (1) < (5) is Gauss—Jordan inversion, and (1) < (10)
is Proposition 3.5.9. What is new is how much the single condition “A is invertible” carries. For instance,
(3) is about uniqueness of solutions and (7) about their existence: for a square matrix, uniqueness for
b = 0 alone already guarantees existence for every b.

Example 3.6.11. Let

1 2 3
A=|0 -1 4
0 0 1

over any field. It is already in echelon form, with pivots 1, —1 and 1, all nonzero in every field. So A has
three pivot positions, and statement (4) holds. By Theorem 3.6.10, all twelve statements hold: without
any further work we know that A is invertible, that its columns are linearly independent and span F?,
and that Ax = b has exactly one solution for every b € F°.

Example 3.6.12. Let A be the 3 X 3 matrix with columns

1 0 1 101
a; = 2|, ay=[1], a3=13], A=12 1 3].
0 1 1 0 1 1

The third column is the sum of the firsttwo: 1+0=1,2+1=3,0+1=1.Soa;+a; —az; =0isa
linear dependence relation, and statement (6) fails. By Theorem 3.6.10, all twelve fail. In particular A is
not invertible, and by (7) there is some b € F*® for which Ax = b has no solution. We know this without
solving a single system. To find such a b, row reduce: R, — R; — 2Ry and then R3 — R; — R, give

1 0 1]b 1 0 1 by
2 1 3|b, |— |0 11 by —2b, |,
0 1 1 b3 0 0 O b3—b2+2b1

so by Theorem 2.5.3(a) the system is inconsistent whenever 2b; — b, + b; # 0; for example b = es.

Remark 3.6.13 (Only for square matrices). The theorem needs A to be square. The 2 X 3 matrix

100
A‘[010}
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is in echelon form with a pivot in every row, so its columns span F? and Ax = b is solvable for
every b (Theorem 3.1.9). But its third column is zero, so 0a; + 0a; + la; = 0 and its columns are
linearly dependent. Its transpose, the 3 X 2 matrix AT, has a pivot in every column, so its columns are
independent (Proposition 3.1.13), but its third row is zero, so it has no pivot there and its columns do
not span F°. For matrices that are not square, the statements of the theorem split apart.

Here is one consequence that is used often.

Proposition 3.6.14. Let A and B be n X n matrices. If AB is invertible, then A and B are both
invertible.

Proof. Let M = (AB)~!. Then A(BM) = (AB)M = I,, so statement (10) holds for A (with D = BM),
and A is invertible. Also (MA)B = M(AB) = I,,, so statement (2) holds for B (with C = MA), and B is
invertible. |

Together with Theorem 3.5.8(b), this says that AB is invertible exactly when both A and B are. For

1
matrices that are not square this fails: [1 O] [0} =1.

Remark 3.6.15 (The theorem for transformations). Let Aben X nand T = T4: F" — F", T(x) = Ax
(Section 3.2). Call T one-to-one if different inputs always have different outputs, and onto if every b € F"*
is an output T(x). Then each of the following is equivalent to (1):

(a) T is one-to-one;
(b) T is onto;
(c) there is a linear transformation S: F" — F” with S(T(x)) = x and T(S(x)) = x for every x; then

S = TA—l.

Proof. (a) & (3): T(x) = T(y) means Ax — Ay = A(x —y) = 0 (Theorem 3.1.6). If (3) holds, this forces
X —y = 0, so T is one-to-one. Conversely, if T is one-to-one and Ax = 0 = A0, then x = 0. (b) &
(7): this is the definition of onto, since T(x) = Ax. (c): If A is invertible, S = T4-1 works, because
A1(Ax) = (A"'A)x = x and A(A™!x) = x. Conversely, let S be such a map and C its standard matrix
(Theorem 3.2.7). Then (CA)x = C(Ax) = S(T(x)) = x for every x; for x = e; this says that column j of
CAisej, so CA = I,, and (2) holds. Then A is invertible, C = A1 by Proposition 3.5.4, and S = Ty-1. O

So the answer to the question that opened Section 3.5, “can we undo what A does?”, is yes exactly
when A is invertible, and then A™! does the undoing.

Remark 3.6.16 (Preview: the list keeps growing). Let A be an n X n matrix over F. Later chapters add
further statements that are equivalent to (1) to (12), and prove them there:

« the column space of A is F", and the null space of A is {0} (Section 4.1, Lecture 19);
« the columns of A form a basis of F" (Section 4.2, Lecture 20);
« the rank of A is n (Section 5.2);

« det A # 0 (Chapter 7);

+ 0 is not an eigenvalue of A (Chapter 8).
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Check yourself

(a) Write down the 3 X 3 elementary matrix E of R, — Ry + 4R; and its inverse, and check that
EE~! = I; with Theorem 3.6.3.

2 1
(b) Let A = [ ¢ 4] over R. Find elementary matrices Ej, Ez, E3 with E3E,E1A = I, and write

both A™! and A as products of elementary matrices.

(c) Let A be n X n. True or false? (i) If Ax = e; has two different solutions, then the columns of A
do not span F". (ii) If Ax = e; has a solution, then A is invertible.

Supplement: beyond the lecture

This material is not needed later in the course, but it rounds out the picture.

Column operations. Multiplying by an elementary matrix on the right performs a column operation.
Let E be the n X n elementary matrix of R; — R; + cR}, so E is I, with an extra c in position (i, j). Its
transpose ET has the extra c in position (j, i), so it is the elementary matrix of R; — R; + cR;. For an
m X n matrix A, Theorem 3.4.3 gives AE = ((AE)T)T = (ETAT)T. By Theorem 3.6.3, ETAT is AT with ¢
times row i added to row j, and the rows of AT are the columns of A. So AE is A with ¢ times column i
added to column j. Note the exchange of i and j. In the same way, for a swap or a scaling E” = E, and

1 0
AE swaps or scales the corresponding columns of A. For example, with E = [_ 3 1] (the matrix of

R2—>R2—3R1),
1 2|1 ol |1-6 2| [-5 2|
3 711-3 1| [3-21 7| |-18 7|°

—3 times column 2 was added to column 1.

The field matters. Theorem 3.6.10 holds over every field, but whether a given matrix satisfies its
1 1

statements can depend on the field. The matrix [ 1 1] has ad — bc = -1 — 1 = —2. Over Q or R this

is nonzero, so the matrix is invertible and all twelve statements hold. Over Z;, where —2 = 0, it equals

1 1
[ 1 1]; its two columns are equal, so statement (6) fails and all twelve fail.

3.7 LU factorisation

Lecture 18

In practice we often solve many systems with the same matrix A and different right-hand sides: the
same bridge under different loads, or the same circuit with different inputs. Each time, elimination
performs the same row operations on A, and only the right-hand side changes. It makes sense to do
the work on A once and to keep a record of it.

That record is the LU factorisation A = LU. Here U is the echelon form that elimination produces, and
L stores the multipliers that were used to get there. In this section we see how elimination becomes a
factorisation and why the multipliers land exactly in L; then we solve systems with L and U, count
how much work this saves, and see what to do when a row swap is needed.
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Throughout, F is a field and all matrices have entries in F. We write row;(A) for the i-th row of a
matrix A, a 1 X n matrix. We use one consequence of the row-column rule (Theorem 3.3.5) again and
again.

Rows of a product. Let C = (¢jx) be m X k and B be k X n. Then
row;(CB) = c¢;; row(B) + ¢j2 rows(B) + - - - + ¢jx rowg (B),

a combination of the rows of B with the entries of row i of C as weights. Indeed, entry j of the left side
is (CB)ij = 24 cigbqj by Theorem 3.3.5, and entry j of the right side is the same sum.

Elementary matrices (Section 3.6). The only row operation that elimination without swaps uses is
the replacement R; — R; —IR; with i # jand [ € F. Its elementary matrix E (Definition 3.6.1) is I, with
the entry in row i, column j changed from 0 to —I. By Theorem 3.6.3, EA is A after the replacement,
for every m X n matrix A. By Theorem 3.6.6, E is invertible and E~! is the elementary matrix of the
reverse operation R; — R; + IR}, that is, I;, with +] in row i, column j: the inverse flips the sign of the
multiplier entry.

3.7.1 Elimination as a product of matrices

Example 3.7.1. Let

2 11
A=|4 5 3.
-2 8 4

The first pivot is 2. To clear the 4 below it, the multiplier is I,y = 4/2 = 2, the entry we clear divided by
the pivot, and we apply R, — R; — 2R;: row 2 becomes (4—-2-2, 5-2-1,3-2-1) = (0,3,1). To clear
the —2 in row 3, the multiplier is I3y = —2/2 = —1, and R3 — R3 — (—1)R; adds row 1: row 3 becomes
(-2+2, 8+1, 4+1) = (0,9,5). The second pivot is 3; below it is 9, so I3, = 9/3 = 3, and R3 — R3 — 3R,
gives (0—3-0, 9—-3-3,5-3-1) =(0,0,2). The result

2 1 1]
U=1]0 3 1
0 0 2

is in row echelon form, with pivots 2, 3, 2. The three steps are multiplications by

1 0 0 [1 0 0] 1 0 0
E;=|-2 1 0|, E,=|0 1 0|, Es=1|[0 1 o,
0 0 1 1 0 1] 0 -3 1

SO E3E2E1A =U.

Example 3.7.2 (From the steps to L). To get A back from Example 3.7.1 we undo the steps in reverse
order. Multiplying E3E;E1A = U on the left by E;!, then E; !, then E; ! gives

100 1 00 100
A=E'E;’E;'U,  E;'=|2 1 of, E;j'=|0 1 of, Ej'=|0 1 o].
001 -1 0 1 03 1

We multiply from the right. E;'E; " is E;! after R3 — Rs — R;, which makes row 3 equal to (0,3,1) —
(1,0,0) = (-1,3,1). Then El_1 applies R, — R, + 2Ry, which makes row 2 equal to (0, 1,0) + 2(1,0,0) =
(2,1,0). So

1
L=E'E;'E;' = 2
-1

W = O
= o O
b
1
h
-
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Below the diagonal of L sit exactly the multipliers ly; = 2, I5; = —1, Is; = 3, each in the position of the
entry it cleared (Figure 3.14).

The product in the other order, which performs the elimination, is not so tidy. E,E; is E; after
R; — R; + Ry, with rows (1,0,0), (=2, 1,0), (1,0, 1); then E;5 subtracts three times row 2 from row 3:

1 0 O
E3E2E1 = (-2 1 0 s
7 =31

since 1 — 3 - (—2) = 7. The entry 7 is not one of the multipliers: in E3E;E1, the step E; acts on a row
that E; has already changed. In E;'E; 'E;!, each step acts on row 1 or on an identity row, and the
multipliers stay apart.

As a check of A = LU by the rule for rows of a product: row 1 of LU is row;(U) = (2,1, 1); row 2 is
2(2,1,1)+(0,3,1) = (4,5,3); row 3is —(2,1,1) +3(0,3, 1) +(0,0,2) = (=2, =149, —1+3+2) = (=2, 8,4).

A U
1 1 1 1 1
4 5 3 lSt_agflz ZStfgffg 0 1
-2 8 4| 2 0 9 5 5 0 0

Iy =32 =1
1 00
AL=]2 1 0f#
-1 3 1

Figure 3.14: Examples 3.7.1 and 3.7.2: each multiplier /;, (blue) is the entry it clears divided by the pivot
of its column (gold), and it goes into L in the position of that entry.

Definition 3.7.3 (Unit lower triangular, LU factorisation). A square matrix is unit lower triangular
if it is lower triangular (Definition 3.4.10) and every entry on its main diagonal is 1. An LU
factorisation of an m X n matrix A over F is a product

A=1LU,

where L is an m X m unit lower triangular matrix and U is an m X n matrix in row echelon form.

A product of unit lower triangular matrices of the same size is unit lower triangular, by Theo-
rem 3.4.11(b): it is lower triangular with diagonal entries 1-1 = 1.

3.7.2 Why the multipliers land in L

Forward elimination (Section 2.3) works in stages. In stage p the current row p is the pivot row; every
row below it is replaced by itself minus a multiple of row p, to clear the entries below the pivot; then
row p is set aside. Sometimes a stage needs a swap first, when the entry in the pivot position is zero
but an entry below it is not. When no stage needs a swap, the multipliers alone describe the whole
elimination.
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Theorem 3.7.4 (Elimination without swaps is a factorisation). Let A be an m X n matrix over F.
Suppose that forward elimination brings A to a row echelon form U using only replacements,
with no row swaps: in stage p (p = 1,...,m — 1), each row i > p is replaced by

R > R; — lipRp (l,‘p (S F),

with [;;, = 0 wherever no step is needed. Let L be the m X m unit lower triangular matrix whose
entry in row i, column p is l;, for i > p. Then

A=1LU.

Proof. Stage p changes only the rows below row p. So once row p becomes the pivot row, it never
changes again, and at that moment it is already row,(U). In particular, every step R; — R; — [;»R,
subtracts I, row, (U).

Row i is changed only in stages p = 1,...,i — 1, once in each. Starting from row;(A), it ends as
row;(U) = row;(A) — iy row(U) — - - - = [;;_1 row;_1(U).
Moving the subtracted rows to the other side,
row;(A) = iy row1(U) + -+ i1 row;—1(U) + 1 - row;(U) + 0 - row;11(U) + - - - + 0 - row,,, (U).

The weights here are the entries of row i of L, so by the rule for rows of a product the right side is
row;(LU). This holds for every i (for i = 1 it reads row;(A) = row;(U)), so A = LU. O

So to find L we never multiply matrices: we write down each multiplier in the position of the entry it

cleared. The theorem applies to any m X n matrix, square or not, invertible or not. Elimination may
even stop early when the remaining rows are zero; the later multipliers are then 0.

3.7.3 Solving with L and U

If A= LU, then Ax = L(Ux). Naming y = Ux splits the system in two triangular ones.

Theorem 3.7.5 (Solving with an LU factorisation). Let A = LU, where Aism X n, Lism X m
unit lower triangular and U is m X n. Let b € F™.

(a) The system Ly = b has exactly one solution y, found from the top down by forward
substitution:

y; = by, yi=bi -y — =y (i=2,...,m).

(b) For thisy, a vector x € F" satisfies Ax = b if and only if Ux = y.

Proof. (a) Row i of Ly = b reads l;jy; + - - - + l;;—1yi—1 + y; = b;, since I;; = 1 and the entries of L to the
right of the diagonal are zero. Row 1 forces y; = by; once y, . . ., y;—1 are known, row i forces the stated
value of y;. So there is at most one solution, and the vector built this way satisfies every row, so it is a
solution.

(b) If Ux =y, then Ax = (LU)x = L(Ux) = Ly = b. Conversely, if Ax = b, then L(Ux) = b, so Ux is a
solution of Ly = b; by (a) it equals y. O
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The system Ux =y is in echelon form, so it is solved by back substitution (Section 2.3); it may have
one solution, none, or infinitely many, just as Ax = b does.

Example 3.7.6. We solve Ax = (3,5, —2) with L and U from Example 3.7.2.

Forward substitution, Ly = b:

Yy =3,
2y1+y2=5 = yp=5-6=-1,
_y1+3y2+y3=—2 $y3=—2+3+3=4.

Back substitution, Ux =y = (3,—1,4):

2x3 =4 = x3 =2,
3xy+x3=-1 = 3x; = -3, x5 = —1,
2x1+x3+x3=3 = 2x1=3+1-2=2, x;=1.

So x = (1,-1,2). Check by the row rule: Ax =(2-1+2,4-5+6, -2 —-8+8) =(3,5,—2) = b. For
another right-hand side we repeat only the two substitutions.

Preview (Section 7.3). Let A be an nXn matrix with A = LU, where L is unit lower triangular and U is
in row echelon form. Then det A = ujqus; - - - Uy, the product of the diagonal entries of U. Determinants
are defined in Chapter 7, where this is proved; for Example 3.7.1 it gives det A =2-3 -2 = 12.

3.7.4 How much work it saves

We count multiplications and divisions, the usual measure of the cost of elimination.

Proposition 3.7.7 (Operation counts). Let A be an n X n matrix whose forward elimination
needs no row swaps, as in Theorem 3.7.4.

3_

n’—n
(a) Computing U and the multipliers takes at most multiplications and divisions.

(b) If the diagonal entries of U are all nonzero, then for each b € F”, forward substitution takes
@ multiplications, and back substitution takes @ multiplications and n divisions:
n’ operations in all.

Proof. (a) In stage p there are n — p rows below the pivot row. Let the pivot lie in column ¢ > p (each
pivot lies at least one column to the right of the one above). For each row below, the multiplier takes
one division, the entry in column ¢ becomes 0 without arithmetic, the entries in columns before ¢
are already 0 and stay so, and each of the n — ¢ < n — p entries to the right of column c takes one
multiplication (by the multiplier) before the subtraction. So stage p takes at most (n —p)(n—p +1)
operations, and a stage with no pivot (only zero rows left) takes none. With k = n — p, the total is at
most

Zk(k+1) nz_lkz Zi n—l)n(2n—1) (Tl—l)n:(n—1)n(2n+2):n3_n.

— —~ 2 6 3
(b) In forward substitution, y; = b; — l;jy; — - - - — l;j—1y;—1 takes i — 1 multiplications and no division,
so Y (i—-1)= @ in all. Since the diagonal entries u;; are nonzero, back substitution computes
X; = (y,- — Ui Xig1 — 0 — umxn)/uii fori =n,...,1, with n — i multiplications and one division, so

Ti(n—i)= @ multiplications and n divisions. The total is n(n — 1) + n = n?. O
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For n = 1000, elimination costs at most (10° — 10%) /3 = 333333 000 operations, about a third of a billion,
while each new right-hand side costs 10%, more than three hundred times less (Figure 3.15). This is
why software factors a matrix once and reuses L and U for every new b. The factors also take no extra
memory: U fills the upper part of an n X n array, and the multipliers fill the places below the diagonal,
which are exactly the entries that elimination turns into zeros.

[] pivot in column p

row p I:l

one division each

n— p rows (the multiplier)

one multiplication each

e —
n — p columns

Figure 3.15: Stage p of elimination on an n X n matrix with its pivot in column p: each of the n — p
rows below the pivot row needs one division for its multiplier and one multiplication for each of the
n — p entries to the right of the pivot column (shaded), that is, n — p + 1 operations per row.

3.7.5 When a row swap is needed

0 1
Example 3.7.8 (A matrix with no LU factorisation). Let A = [1 1]. Its first pivot position holds a
0, so elimination must start with a swap. In fact A has no LU factorisation. Suppose A = LU with
1 0
L= [l 1] and U in row echelon form. Row 1 of LU is row;(U), so row;(U) = (0, 1), with leading

entry in column 2. In an echelon form row 2 must then be zero, so uy; = 0. Now the entry of LU in
row 2, column 1isluy; +1-uy =1-0+ 0 =0, but the entry of A there is 1. This contradiction shows
that no such L and U exist.

The fix is to make the swaps first.

Definition 3.7.9 (Permutation matrix). An m X m matrix P is a permutation matrix if its rows

are the rows of I, in some order, each used once: row;(P) = eg(l.) fori = 1,...,m, where

0(1),...,0(m) are the numbers 1,..., m in some order.

0 1
For example, [ ) 0], and I, itself, are permutation matrices. The elementary matrix of a swap R; <> R;

is a permutation matrix.

Proposition 3.7.10 (Properties of permutation matrices). Let P be an m X m permutation matrix

with row;(P) = eg(l.).

(a) For every m X n matrix A, row;(PA) = row, ;) (A): multiplying by P on the left puts the
rows of A in the same order as the rows of I,,, in P.

(b) The product of two m X m permutation matrices is a permutation matrix.

(c) Pis invertible, and P~! = PT.
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Proof. (a) Row i of P has a 1 in column o (i) and zeros elsewhere, so by the rule for rows of a product,
row;(PA) = 1-rowg;)(A).

(b) Let Q be a permutation matrix with rowy (Q) = eTT(k). By (a), row; (PQ) = rows(;)(Q) = eTT(U(l.)). As
i runs through 1,...,m, so does ¢ (i), each value once, and hence so does 7(c(i)). So the rows of PQ
are the rows of I,;, each used once.

(c) Column j of PT is row;(P) written as a column, so by the row-column rule (PP”);; = Y pixpj-
Row i of P has its only nonzero entry, a 1, in column ¢ (i), and row j in column o(j). So the sum is 1 if
o(i) = o(j), that is, if i = j, and 0 otherwise. So PPT = I,,, and Proposition 3.5.9 gives PP = I,,, O
Theorem 3.7.11 (PA = LU). Every m X n matrix A over F has a factorisation

PA=1LU,

where P is an m X m permutation matrix, L is an m X m unit lower triangular matrix and U is an
m X n matrix in row echelon form.

The idea: if we knew in advance which swaps elimination will make, we could make them all at the
start and then eliminate with no swaps. The proof does this one stage at a time, carrying the multipliers
along when later swaps reorder the rows.

Proof. By induction onm. If m = 1,take P=L = [1] and U = A: a single row is in row echelon form.

Letm > 2. If A= 0, take P = L = I, and U = O. Otherwise let column ¢ be the leftmost column of
A with a nonzero entry, say in row r, and let P; be the permutation matrix that swaps rows 1 and r
(P = L, if r = 1). By Proposition 3.7.10(a), P;A has a nonzero entry a in row 1, column c, and its first
¢ — 1 columns are zero. Cut P; A after row 1 and after columns ¢ — 1 and c:

O a w
ha= [o v B} ’
where v e F" !, wis1x (n—c) and Bis (m — 1) x (n — c); blocks with no columns (when ¢ = 1 or
¢ = n) are simply left out. Put1 = a~'v and B’ = B — lw. By block multiplication (Theorem 3.4.13),
1 O
PiA = [1 Im_l]

O a w
O 0 B’

since the second block row of the product is [ O la lw+B ] = [ OvB ] (This is stage 1 of elimination:
1 holds its multipliers.)

If ¢ = n, the second factor is already in row echelon form (its row 1 has leading entry a in the last
column and its other rows are zero), and P = P; works, with L the first factor and U the second. If ¢ < n,
the induction hypothesis gives an (m — 1) X (m — 1) permutation matrix P’, a unit lower triangular L’
and a row echelon form U’ with P’B’ = L'U’. Let

1 O
QZ[O P/:|’ P:Q-Pl'

T T

The rows of Q are elT followed by the rows of P’ with a 0 put in front, which are €,,...,€e, in some

order; so Q is a permutation matrix, and so is P by Proposition 3.7.10(b). By block multiplication,

1 ol[r o] _[1 o] [t o]t o
O P||l Lyt| |[P1 P| ™ |P1 Luaf|O P
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1 0|10 a w| |Oa w| |Oa w| |1 OO a w
o P'(lo o B| |0 o PB| |O o L'U| |0 L||l0O o U\

1 @) 1 O||0 a w 1 O||0 a w
PA‘QplA‘[P'l Im_l} [o L’] [o 0 U’]_[P’l L’] [o 0 U’]'

— —
L U

and

Hence

L is unit lower triangular, because L’ is. In U, row 1 has its leading entry a in column c; the other
rows are zero in columns 1,. . ., ¢, followed by the rows of U’, so their leading entries lie to the right of
column c, step to the right, and the zero rows are at the bottom, because U’ is in row echelon form. So
U is in row echelon form, and PA = LU. m]

The vector P’] in the proof shows what happens to the multipliers when a later stage swaps two rows:
they are swapped too. Once P is known, Theorem 3.7.4 applied to PA gives the same kind of factors by
plain elimination, as in the next example.

Example 3.7.12. Let

1
A=|2
1

[SSIEF N W)

1
3].
2

Elimination starts with R, — Ry, — 2Ry, giving (2 -2, 4—4, 3-2) = (0,0,1), and R3 — R3; — Ry, giving
(1-1,3-2,2-1)=(0,1,1). Now the second pivot position, row 2 and column 2, holds a 0, and the
entry below it is 1, so elimination would swap rows 2 and 3. We make that swap first:

1 0
P=10 0
0 1

S = O

1
, PA=|1
2

=~ W N

1
2.
3
Eliminating PA needs no swap: R, — R, — Ry gives (0,1,1) and R3 — R3 — 2R; gives (0,0, 1), which is

already in row echelon form, so I3, = 0. By Theorem 3.7.4,

1
PA=1LU, L=1
2

S = O

0 1
0], U=1|0
1 0

S =N

1
1f.
1

Check: row 2 of LU is (1,2,1) + (0,1,1) = (1,3,2) and row 3is 2(1,2,1) + (0,0,1) = (2,4, 3).

Remark 3.7.13 (Solving with PA = LU). If PA = LU, then Ax = b holds if and only if LUx = Pb. Indeed,
multiplying Ax = b on the left by P gives PAx = Pb, and multiplying that by P~! (Proposition 3.7.10(c))
gives back Ax = b. So we reorder the entries of b as P reorders rows (Proposition 3.7.10(a)) and then
substitute as in Theorem 3.7.5.

Check yourself

(a) Find an LU factorisation of A = [1 2}.

3 8
(b) Use it to solve Ax = (1,7) by forward and back substitution, and check your answer.
1 1 0

(c) Write down L and U for |2 3 1| without multiplying any matrices.
0 4 5
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Supplement: beyond the lecture

This material is not needed later in the course, but it rounds out the picture.

Uniqueness. For an invertible matrix the factors are unique. Without invertibility they need not be:
for A = O, every unit lower triangular L gives A = LO.

Proposition 3.7.14. Every unit lower triangular n X n matrix L is invertible, and L™ is unit
lower triangular.

Proof. We row reduce [ L | I,, ] by Gauss—Jordan inversion (Theorem 3.5.10), using only replacements
R; — R; — cR, with p < i:in stage p = 1,...,n — 1 we clear the entries below the diagonal in column p.
We claim that both blocks stay unit lower triangular. Suppose they are before such a step. Row p of
each block has zeros to the right of column p, so the step changes only entries of row i in columns
1,...,p, all of which lie strictly to the left of the diagonal entry (i, i); the diagonal and everything
above it stay as they were. In the left block, stage p changes columns 1,...,p — 1 of no row, because
row p is already zero there (those entries were cleared in earlier stages); so the entries cleared earlier
stay zero. After the last stage the left block is I,,, and by Theorem 3.5.10(a) the right block, which is
unit lower triangular, is L™!. O

Theorem 3.7.15 (Uniqueness of the LU factorisation). Let A be an invertible n X n matrix. If
A = LUy = LUy, where Ly, L, are unit lower triangular and Uy, U; are in row echelon form, then
Ll = Lz and Ul = U2.

Proof. By Proposition 3.7.14 and Theorem 3.5.8, U; = L 'A is invertible. A square matrix in row
echelon form is upper triangular (Section 3.4). If U; had fewer than n pivots, some column would have
no pivot, the system U;x = 0 would have a free variable and so a nonzero solution, and U; would not
be invertible (the remark after Example 3.5.3). So U; has a pivot in each of its n columns; as the pivots
step to the right, the pivot of row i is in column i, and every diagonal entry u;; of U; is nonzero. The
same holds for U,, which in particular is upper triangular.

Let M = L, 'Ly. It is unit lower triangular (Proposition 3.7.14 and Theorem 3.4.11(b)), and MU; =
LZ_IA = U,. Write my for column k of M. Column j of U is ujje; + -+ - + uj;e;, so column j of U is
ujjmy + - - - +uj;m;. We show m; = e; by induction on j. If my = e for all k < j, then column j of U,
isujjeq+---+uj_y;ej_1 +ujm;. Its entries below row j are 0, because U, is upper triangular, and the
er with k < j are 0 there, so u;; times each entry of m; below row j is 0. As u;; # 0, those entries are
0; and m; has 1 in row j and 0 above it, since M is unit lower triangular. So m; = e;. Hence M = I,
Li=IL,M=1lyand U, = L7'A=L;'A=U, O

The inverse of L. For L from Example 3.7.2, L = E1_1E2_1E3_1, so L' = E3E,E; by Theorem 3.5.8: the
matrix with the entry 7 computed there. So L1, unlike L, does not simply display the multipliers. In
practice nobody forms L™!: forward substitution solves Ly = b with fewer operations.

Answers to Check yourself

Section 3.1
(a) Column rule: 2(1,—-1) + 1(0,3) + (-1)(2,1) = (2+0—-2,-2+3 - 1) = (0,0). Row rule:
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1-240-1+2-(-1) =0and (-1)-2+3-1+1-(-1) = 0. So Ax = 0. (b) Yes. R, —> R, + R,
1 0 2
0 3 3/ with a pivot in both rows, so the columns span R? (Theorem 3.1.9). (c) No. A 2 X 3
matrix has at most 2 pivots for 3 columns, so some column has no pivot and Ax = 0 has a nontrivial
solution (Proposition 3.1.13); x = (2,1, —1) from (a) is one, so the columns are dependent.

gives

Section 3.2
0 1
(@) T(x) = Axwith A = [1 _3], so T = Ty is linear (Proposition 3.2.2). Its columns are T'(e;) = (0, 1)
-1

0 -1
the point reflection through 0. (c) T(2(1,1)) = T(2,2) = (4,0),but 27(1,1) = 2(1,0) = (2,0). The

and T(ez) = (1,-3), so A is the standard matrix. (b) Rigpe = , S0 X — —x: a half turn,

0 0
scaling rule fails, so T is not linear. (d) Projection onto the second axis: P = [ 0 } Reflection

1

-1 0
across it: Q = [ 0 1].

Section 3.3

(a) The columns of AB are A(1,0) = (2,1) and A(3,1) = (6,2), so AB = [2 6

X 2}. (b) BA =

[1-2+3~1 1-0+3-(—1)}

5 -3
0-241-1 0-0+1-(-1)| = [ ] # AB, so A and B do not commute. (c) For example

1 -1

M= . 0} or M = [1 _J,mbothcasesM =0.
Section 3.4
1 2 0
(a) AT = [_1 0 3]. With columns a; = (1,2,0), a, = (=1,0,3): a; -a; = 5,a; - a3 = —1,

5
-1
tr(AAT) = tr(ATA) = 15 by Theorem 3.4.16(c). (c) False. (AB)T = BT AT = BA, so AB is symmetric

1 1 1
exactly when AB = BA. For A = [ 0}, B= [0 ]: AB = [O }, not symmetric.

-1
ay-ay; = 10,50 ATA = [ 10}, symmetric (Proposition 3.4.8). (b) tr(ATA) = 5+ 10 = 15, and

0 0 1 0 0 0
Section 3.5
. . 2 -1 3 112 -1
(a) Here ad — bc = 3-2—-1-5 = 1, so the inverse is [_5 5 } Check: [5 2] [_5 3 } =
6-5 343 =1.(b)Ry, > Ry — 2R, givesrow 2=[010 | —2 1 0]; then R3 — R; — R, gives
10-10 —5+6| "% 2 2 18 = ; 3 3 2 8
1 0 0
row3=1[001]2-11]. The left block is I3, so the inverseis |-2 1 0| (Theorem 3.5.10(a)). (c)
2 -1 1
No. Ry — R3 — Ry gives row 3 = (0,1, 1), and R; — R; — R, makes it a zero row, so the reduced row
echelon form is not I3 and the matrix is not invertible (Theorem 3.5.10(b)). With x3 = 1 free, x, = —1

and x; = —2x, — 3x3 = —1: indeed A(=1,-1,1) = (-1 = 2+3, —1+1, =1 — 3 +4) = (0,0,0).
Section 3.61 0o Lo o

(@) E = 01 411] and E7! = [8 ! —14] is the matrix of the reverse operation R, — R, — 4R; (Theo-

rem 3.6.6). By Theorem 3.6.3, EE"! is E™! after R, — R, +4R3: row 2 becomes (0, 1, —4) +4(0,0,1) =

(0,1,0), so EE"! = I;. (b) R, — Ry — 3R, gives rows (2,1), (0,1); Ry — R; — R, gives (2,0),

1 0 1 -1 1o
. 1 ; — _ _
(0,1); Ry — 3Ry gives I,. So E; = l_3 1], E, = [0 1 ], Es = [(2) 1], and by Theorem 3.6.8

_ _1
A"l = E;E,E; = E;4 [_43 11] = [_23 12] (the 2 X 2 formula agrees: ad — bc = 2), while
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1 0ff1 1112 O 1 1((2 0 2 1 )
3.1 [0 l] [O 1 :|:3 4:| [0 1]:[6 4]-(C)(1)True. If Au = Av = ¢;

with u # v, then A(u — v) = 0 with u — v # 0, so statement (3) of Theorem 3.6.10 fails, and so does

— p-lp-1p-1 _
A=E'E;'E;! =

1 0
(8). (ii) False. A = [ 0 0] has Ae; = ey, but its second column is zero, so its columns are dependent

and A is not invertible. Statement (7) asks for a solution for every b, not just one.

Section 3.7
(a) The multiplier is I,y = 3/1 = 3, and R, — R, — 3R; gives row 2 = (0,2). So L = [; (1)] and
1 2 1 2 . . .
U= [0 ) (Theorem 3.7.4). Check: LU = [3 - 2] = A. (b) Forward substitution in Ly = (1,7):

y; = 1, then 3y; + y2 = 7 gives y, = 4. Back substitution in Ux = y: 2x; = 4 gives x; = 2, then
X1 + 2x; = 1 gives x; = =3 (Theorem 3.7.5). So x = (-3, 2). Check: Ax = (-3+4, -9+ 16) = (1,7).
(¢) R, = Ry — 2Ry gives row 2 = (0,1, 1), and row 3 already has a 0 in column 1, so l5; = 0. Then
3, =4/1 =4, and R3 — R3 — 4R; gives row 3 = (0, 0, 1). Writing each multiplier where it cleared an
1 0 0 1 1 0
entry, L=12 1 OlandU=1]0 1 1f.
0 4 1 0 0 1



