Linear Algebra
Rulebook

Every definition, theorem and proposition of the course, in order and with the book’s numbers. No proofs and
no discussion: for those, open the same number in the book or watch the lecture named beside each section.
This file is generated from the book (rulebook.py), so it always matches it.

Chapter 1. Vectors and the geometry of R”

1.1 What linear algebra is about Lecture 1

Definition 1.1.1 (The space R").
Let n be a positive integer. The set R" consists of all ordered lists of n real numbers,

X1
R" = Slixg..,xp €R
Xn
Elements of R" are called vectors, and the numbers x, ..., x, are the components (or entries) of the

vector. Real numbers, in contrast, are called scalars.

Definition 1.1.2 (Equality of vectors).

Two vectors x = (x1,...,x,) andy = (yy, ..., Yy,) in R" are equal, written x = y, when x; = y; for every
i=1,...,n.
1.2 Adding and scaling vectors Lecture 2

Definition 1.2.1 (Vector addition).
Let v,w € R". Their sum is the vector in R" obtained by adding matching entries:

01 +wp

Uy + Wy
V+w= . , that is, (v+w);=0v;+w; (i=1,...,n).

Up +wy

Definition 1.2.3 (Scalar multiplication).
Let ¢ € R be a scalar and v € R". The scalar multiple cv is the vector in R"” obtained by multiplying
every entry of v by c:

CUp
C 0y
cv=| . |, that is, (ev)ij=cuo; (i=1,...,n).
cop
Definition 1.2.5. (a) The zero vector of R" is 0 = (0,0, ..., 0), the vector whose entries are all 0.
(b) The negative of ve R" is —v = (-vy, ..., —0,), the vector whose entries are those of v with their

signs changed. Equivalently, —-v = (-1) v.

(c) The difference of v,w € R" is v — w = v + (—w). Its entries are (v — w); = v; — w;.

Theorem 1.2.7 (Rules of vector algebra).
For all vectors u, v, w € R" and all scalars a,b € R:



1) vtw=w+vVv (addition is commutative)
2) (u+v)+w=u+(v+w) (addition is associative)
3) v+0=v (the zero vector)
4) v+ (-v) = (negatives)
(5) 1v=v (scaling by one)
6) a(bv) = (ab)v (scaling twice)
(7) a(v+w) =av+aw (distributive law over vector addition)
8) (a+b)v=av+bv (distributive law over scalar addition)

Proposition 1.2.8.
Letu,v,w,x € R"” and a € R. Then:

Proposition 1.2.10 (Midpoint).
The midpoint M of the segment from P to Q has position vector

m=p+3(q-p)=3p+34q
Theorem 1.2.11.
The diagonals of a parallelogram bisect each other: they meet at a point that is the midpoint of each.

1.3 Linear combinations and span Lecture 3

Definition 1.3.1 (Linear combination).
Let vq,..., Vi be vectors in R" and let ¢y, . . ., ¢ be scalars. The vector

C1Vy +CaVy + - + Ci Vi
is called a linear combination of vy, . .., v, with weights (or coefficients) cy, . . ., .

Definition 1.3.5 (Span).

The span of vectors vy, ..., vi in R" is the set of all their linear combinations,
Span{vy,...,vi} ={c1vi+---+cxve : c1,...,c ER}L
A vector b is in the span if b = ¢;vy + - - - + ¢ Vi for some scalars cy, . . ., cx. By convention the span of

the empty set is {0}.

Theorem 1.3.8.
Let v = (p,q) and w = (r, s) be vectors in R?. The following are equivalent:

(a) Span{v,w} =R?

(b) v and w are not parallel;



(c) ps—qr #0.

If v and w are parallel, their span is a line through the origin, or {0} when v =w = 0.

Theorem 1.3.10.
Letvy,...,vk € R"and S = Span{vy, ..., vi}.

(a
(b

(c
d

0 € Sand v; € S for every i.
Ifx,y € Sthenx+y € S (S is closed under addition).

If x € Sand t € R then tx € S (S is closed under scalar multiplication).

O - O

multiplication, then S € W.

Theorem 1.3.11.
Let vy, ..., Vi, u € R™ Then

Span{vy,...,vg,u} = Span{vy,..., v} ifandonlyif wu € Span{vy,...

1.4 Dot product, length and angle

Definition 1.4.1 (Norm).
The norm (or length) of a vector v = (vy,...,v,) € R" is the number

vl :\/vf+v§+---+v,21.

Definition 1.4.3 (Dot product).
The dot product of v = (v1,...,0,) and w = (wy, ..., wy) in R” is the number

n
V-W=01W1 +0owWy+---+0,wW, = E ViW;j.

i=1

Definition 1.4.5 (Distance).
The distance between v and w in R" is d(v, w) = ||w — v||.

Theorem 1.4.6 (Properties of the dot product).
For all u, v, w € R" and every scalar c:

(a
(b

(c
d

symmetry: v:-w =W -V,
additivity:u - (Vv+w) =u-v+u-w;

homogeneity: (cv) - w =c (v - w);

o~ =

positivity: v-v > 0, with v - v = 0 only when v = 0.

Proposition 1.4.7.
For every v € R" and scalar ¢, ||cv]| = |c] ||V]|-

Definition 1.4.8 (Unit vector).

S is the smallest such set: if W C R” contains vy, ..., vk and is closed under addition and scalar

Lecture 4

1
A unit vector is a vector of norm 1. For v # 0, the vector m v is called the normalisation of v.

A\

Proposition 1.4.10 (Dot product and angle in the plane).

Let v, w be nonzero vectors in R? (or R?), and let 6 be the angle between their arrows. Then

v-w = ||v|| ||w]| cos 8.



Definition 1.4.13 (Orthogonal vectors).
Vectors v, w € R" are orthogonal, written v L w, when v-w = 0.

Theorem 1.4.14 (Pythagoras in R").
For v,w € R", |[v+w]|?=||v||?+ ||w]||? if and only if v L w.

Theorem 1.4.15 (Cauchy-Schwarz inequality).
For all v, w € R",
v wl| < [lv][ [Iw]].

Equality holds if and only if one of the two vectors is a scalar multiple of the other.

Definition 1.4.16 (Angle in R").
The angle between nonzero vectors v, w € R" is the unique 0 € [0, x| with
VW

cosf = ———.
vl [[wl|

Theorem 1.4.18 (Triangle inequality).
For all v, w € R",
v+ wll < [[vll + [lwll.

Equality holds if and only if one of the vectors is a non-negative multiple of the other.

Proposition 1.4.19 (Triangle inequality for distances).
Forallu,v,w € R"?, d(u,w) < d(u,v) +d(v,w).

1.5 Lines, planes and the cross product Lecture 5

Definition 1.5.1 (Line).
Let p,d € R" with d # 0. The line through p with direction vector d is the set

L={p+td : teR}
The equation x = p + td is called a parametric equation (or parametric form) of L, and t is the parameter.

Proposition 1.5.3 (When two lines are equal).
Let L = {p+td} and L’ = {q + se} be lines in R”. Then L = L’ if and only if q € L and e is a (nonzero)
multiple of d.

Proposition 1.5.4 (Lines in the plane as equations).

Letn = (a,b) # 0 and ¢ € R. Then the set {(x,y) € R? : ax + by = c} is a line, with direction vector
(=b, a). Conversely, the line through p with direction d = (d;, d;) is the set of solutions of n-x=n-p,
where n = (—d,, dy).

Definition 1.5.6 (Plane).
Let p,u, v € R"”, where u and v are not parallel. The plane through p with direction vectorsu and v is
the set

P={p+su+tv : s,t eR},

and x = p + su + tv is a parametric equation of P, with parameters s and t.
Proposition 1.5.8 (The solutions of one equation form a plane).

Letn = (a,b,c) € R*> n # 0,and d € R. The set {x € R® : n- x = d} is a plane, and both of its direction
vectors can be chosen orthogonal to n.



Definition 1.5.9 (Normal vector of a plane).

If a plane P C R3 is the solution set of n - x = d with n # 0, then n is called a normal vector of P, and
n-x =d, or ax + by + cz = d, a normal equation of P. Equivalently, P is the set of x withn- (x —p) =0,
for any one point p of P.

Definition 1.5.12 (Cross product).
The cross product of u = (uy, uz, u3) and v = (vy, 02, v3) in R3 is the vector

U203 — U302
uXV=|Us0; —uUv3|.
U102 — U0,

Theorem 1.5.14 (Properties of the cross product).
For allu,v,w € R3 and every scalar c:

(a) anticommutativity: v X u = —(u X v); in particular u X u = 0;
(b) additivity:uX (v+w) =uXv+uXw,

(c) homogeneity: (cu) X v=c(uXv) =uX (cv);

(d) orthogonality:u-(uxv)=0andv-(uxv)=0.

Theorem 1.5.16 (Length of the cross product).
For all u, v € R3,
luxvl|* = [[ul*[|v]]* = (u-v)% (1)

If u and v are nonzero and 0 is the angle between them, then ||u X v|| = ||u]| ||v|| sin §, which is the
area of the parallelogram with sides u and v.

Proposition 1.5.17 (Parallel vectors).
For u,v € R3, ux v =0 if and only if u and v are parallel (one is a multiple of the other).

Proposition 1.5.19 (Triple cross product).
Forallu,vyw € R}, (uxv)xw=u-w)v—(v-w)u

Proposition 1.5.20 (Normal equation from a parametric plane).
Let P be the plane through p with directions u,v € R3, and let n = u X v. Then n # 0 and

P={xeR’:n-(x-p)=0}.
In particular every plane in R® has a normal equation.

Proposition 1.5.22 (Distance from a point to a plane).
n-q-d

Let P be the plane n - x = d in R® and let q € R3. The point f = q — E
n

n lies on P, and it is the

point of P closest to q: for every x € P with x # f, ||q — x|| > ||]q — f||. The distance from q to P is

therefore
In-q-d|

Infl

llq—fll =

Chapter 2. Fields and linear systems

2.1 Fields Lecture 6

Definition 2.1.1 (Field).
A field is a set F together with two operations, addition (a,b) — a+ b and multiplication (a,b) — ab
(also written a - b), each taking two elements of F to an element of F, such that for all a,b,c € F:



(A1) (a+b)+c=a+(b+c) (addition is associative)
(A2) a+b=b+a (addition is commutative)
(A3) there is an element 0 € F with a + 0 = a for every a (zero)
(A4) for every a there is an element —a € Fwitha+ (—a) =0 (negatives)
(M1) (ab)c = a(bc) (multiplication is associative)
(M2) ab = ba (multiplication is commutative)
(M3) there is an element 1 € F with 1 # 0 and 1a = a for every a (one)
(M4) for every a # 0 there is an element a™! € Fwithaa™! =1 (inverses)
(D) a(b+c)=ab+ac (distributive law)

These nine conditions are the field axioms. The elements of a field are called scalars.

Proposition 2.1.4 (Uniqueness).
In a field F:
(a) there is only one zero and only one one;

(b) each a has only one negative, and each a # 0 has only one inverse.

Proposition 2.1.5 (Arithmetic in a field).
Let a, b, ¢ be elements of a field F. Then:

(a
b ) = —q;

) Oa=

) (=

(c) =(=a) =a, (—a)b=—(ab) and (—a)(-b) = ab;
)
)

—~~

(d) (no zero divisors) if ab = 0, thena =0 or b = 0;

(e) (cancellation) if a+c = b +c, then a = b; if ac = bc and ¢ # 0, then a = b.

Proposition 2.1.6 (One equation in one unknown).
Let a, b € F with a # 0. The equation ax = b has exactly one solution in F, namely x = a~!b.

Definition 2.1.7 (Complex numbers).

A complex number is an expression z = a + bi with a,b € R; a is its real part and b its imaginary part.
Two complex numbers are equal when their real parts and their imaginary parts agree. The set of
complex numbers is C, and its operations are

(a+Dbi)+(c+di)=(a+c)+(b+d)i, (a+bi)(c+di) = (ac — bd) + (ad + bc) i.
The conjugate of z =a+ biisZ = a — bi.

Theorem 2.1.9.
C is a field, with zero 0 = 0 + 0i, one 1 = 1 + 0i, negative —(a + bi) = (—a) + (=b)i, and, for a + bi # 0,
bi a b

a_
N—1 .
a+bi)” = = — i
( ) a®+b* a®+b* a*+b?

Definition 2.1.12 (Integers modulo n).
For an integer n > 2, the integers modulo n are the set Z, = {0,1,...,n — 1} with the operations

a®b=(a+b)modn, a® b = (ab) mod n.

We usually write a+ b and ab for these operations, and say “in Z,,” to make clear which ones are meant.



Proposition 2.1.13.
For every n > 2, Z,, satisfies all field axioms except possibly (M4), with zero 0, one 1, and negative
—a=n-—afora+0(and -0 = 0).

Proposition 2.1.15 (Euclid’s lemma).
Let p be a prime number and q, b integers. If p divides ab, then p divides a or p divides b.

Theorem 2.1.16.
Zy is a field if and only if n is prime.

Definition 2.1.18 (The space F").
Let F be a field. F" is the set of columns v = (vy,...,0,) with entries v; € F. Addition and scalar
multiplication are entry by entry, as in R™: (v+w); = 0; + w; and (¢ v); = co; forc € F.

2.2 Systems of linear equations Lecture 7

Definition 2.2.1 (Linear equation).
A linear equation in the unknowns xy, . . ., X, is an equation of the form

a1x1+asxs+ -+ apx, = b,

where the coefficients ai, . . ., a, and the constant term b are elements of IF. A solution of the equation is
alist (s1,...,s,) € F" such that a;s; +- - - + ays, = b.

Definition 2.2.3 (System of linear equations).
A system of m linear equations in n unknowns is a list of linear equations in the same unknowns
X1y .5 Xnt

anxy + aizxz + -+ - + ainXn = by,

Ap1X1 + Xy + - - + AgnXy = by,

Am1X1 + AmaXa + +++ + AnXn = bm.

The coefficient a;; stands in equation i in front of unknown j: the first index names the equation (the
row), the second the unknown (the column). A solution of the system is a list (s, ...,s,) € F” thatis a
solution of every equation at once. The set of all solutions is the solution set. The system is consistent if
it has at least one solution and inconsistent if it has none.

Definition 2.2.5 (Equivalent systems).
Two systems of linear equations in the same unknowns are equivalent if they have the same solution
set.

Theorem 2.2.7 (Zero, one or infinitely many).

Let F be R, or more generally any field with infinitely many elements, such as Q or C. A system of
linear equations over F has either no solution, exactly one solution, or infinitely many solutions. More
precisely, if s # t are two solutions, then s + ¢(t — s) is a solution for every ¢ € F, and these solutions
are distinct for distinct c.

Proposition 2.2.9.
A list (sq,...,sy) solves the system exactly when sja; + - - - + s,a, = b. Consequently the system is
consistent if and only if

b € Span{ai,...,a,}.



Definition 2.2.11 (Matrix, coefficient matrix, augmented matrix).

An m X n matrix over F is a rectangular array of elements of F with m rows and n columns. The entry
in row i and column j is written a;;. The coefficient matrix of the system in Definition 2.2.3 is the m X n
matrix A = (a;;), with one row per equation and one column per unknown; its augmented matrix is
the m X (n + 1) matrix obtained by adding the column b of constant terms,

apixr o Ain apn - ain | b
A= s [A[b] =
Am1 *°° Amn aAm1 *°° Amn bm

The vertical bar only marks where the constant terms begin.

2.3 Gaussian elimination Lecture 8

Definition 2.3.1 (Elementary row operations).
The elementary row operations on a matrix are:
(1) swap: exchange two rows, written R; <> Rj;
(2) scaling: multiply a row by a nonzero scalar c, written R; — ¢ R;;

(3) replacement: add c times one row to a different row, written R; — R; + cR; (i # j).

The arrow — is read “is replaced by”.

Definition 2.3.3 (Row equivalence).
Two matrices of the same size are row equivalent if one can be obtained from the other by a finite
sequence of elementary row operations.

Theorem 2.3.4 (Row operations keep the solution set).
If two augmented matrices are row equivalent, then the corresponding linear systems have exactly the
same solutions.

Definition 2.3.5 (Row echelon form).
In a nonzero row of a matrix, the first entry that is not zero is the leading entry of the row. A matrix is
in row echelon form if

(i) all rows consisting entirely of zeros are below all nonzero rows, and
(i) the leading entry of each nonzero row lies in a column strictly to the right of the leading entry of

the row above it.

The leading entries of a matrix in row echelon form are called its pivots, and the columns that contain
them are its pivot columns.

Theorem 2.3.7 (Existence of a row echelon form).
Every matrix is row equivalent to a matrix in row echelon form.

Proposition 2.3.11.
If a row echelon form of an augmented matrix [A | b] hasarow [0 --- 0| ¢] with ¢ # 0, then the
system has no solution.

2.4 Reduced row echelon form Lecture 9

Definition 2.4.1 (Reduced row echelon form).
A matrix is in reduced row echelon form if



(i) all zero rows are at the bottom, and

(ii) each leading entry is strictly to the right of the leading entry of the row above it,
that is, it is in row echelon form (Definition 2.3.5), and moreover

(iii) every pivot equals 1, and

(iv) each pivot is the only nonzero entry in its column.

Theorem 2.4.4 (Existence of the reduced row echelon form).
Every matrix is row equivalent to a matrix in reduced row echelon form.

Definition 2.4.6 (Basic and free variables).

Consider a linear system whose augmented matrix [ A | b] is row equivalent to the matrix [R | d] in
reduced row echelon form. The unknown x; is a basic variable if column j of R is a pivot column, and
a free variable otherwise. Basic variables are also called pivot variables.

Proposition 2.4.7 (Reading off the solutions).
Let [R | d] be in reduced row echelon form, with r nonzero rows and pivots in columns j; < --- < j,
none of them the last column. Then for every choice of values of the free variables there is exactly one
solution of the system with those values, namely

xji:di_zrikxk (i=1,...,r).

k free

Theorem 2.4.9 (Uniqueness of the reduced row echelon form).
Every matrix is row equivalent to exactly one matrix in reduced row echelon form.

Proposition 2.4.11 (Row operations keep column relations).
If A and B are row equivalent m X n matrices with columns as, ...,a, and by, ..., b,, then for all scalars
Cly..sCns

ciaj+---+cpa, =0 < c¢by+---+¢;b,=0.

Proposition 2.4.12 (Columns of a reduced matrix).

Let R be an m X n matrix in reduced row echelon form with pivots in columns j; < --- < j,, and
columns ry,...,r,. Then:

(a) the pivot columns arerj, = e; fori=1,...,r;

(b) column k is a pivot column if and only if 1y is not a linear combination of ry, ..., rg_; (for k = 1:

if and only if r; # 0);

(c) if column k is not a pivot column, then 1y = ;. j, < rik Tj;, Where rj is the entry of R in row i
and column k.

Definition 2.4.13 (Pivot positions of a matrix).
The pivot positions of a matrix A are the positions of the pivots (the leading 1s) in its reduced row
echelon form, and the pivot columns of A are the columns that contain them.

Proposition 2.4.14.
Every row echelon form of A has its pivots exactly in the pivot positions of A. In particular, all echelon
forms of A have the same number of pivots.



2.5 Solution sets Lecture 10

Definition 2.5.2 (General solution, parametric vector form).
Let a consistent system have free variables x;,, ..., xj,. Its general solution expresses every solution in
terms of parameters ty, . . ., t; € F, the values given to the free variables. Written as

X=p+tHvy+ -+ Vg,

with fixed vectors p, vy, . .., vk € F", it is in parametric vector form. The vector p (all parameters zero)
is itself a solution, called a particular solution.

Theorem 2.5.3 (Existence and uniqueness).
Let E be a row echelon form of the augmented matrix [ A | b] of a system of m linear equations in n
unknowns over a field F.

(a) (Existence) The system is consistent if and only if the last column of E is not a pivot column, that
is, if and only if E hasnorow [0 --- 0| ¢ ] with ¢ # 0.

(b) (Uniqueness) Suppose the system is consistent, and let k be the number of free variables. Then for
every choice of values of the free variables there is exactly one solution taking those values. In
particular the solution is unique if and only if k = 0, that is, every column of A is a pivot column.
If kK > 1 and F is infinite (such as R), there are infinitely many solutions.

Proposition 2.5.5 (More unknowns than equations).
If a consistent system of m equations in n unknowns has n > m, then it has at least n — m free variables.
Over R (or any infinite field) it therefore has infinitely many solutions.

Definition 2.5.7 (Homogeneous system).

A system of linear equations is homogeneous if all its right-hand sides are zero, that is, its augmented
matrix is [ A | 0]. The zero vector x = 0 is always a solution, called the trivial solution; any other
solution is nontrivial.

Proposition 2.5.8.
Row operations keep the last column of [ A | 0] zero. Consequently a homogeneous system has a
nontrivial solution if and only if it has at least one free variable.

Theorem 2.5.9 (Nontrivial solutions).
A homogeneous system with more unknowns than equations (n > m) has a nontrivial solution. This
holds over every field.

Theorem 2.5.11 (Structure of the solution set).
Let p be one solution of a system with augmented matrix [ A | b ], and let H be the solution set of the
homogeneous system [ A | 0]. Then the solution setof [A | b] is

p+H={p+h:heH}.

In words: every solution is the particular solution p plus a solution of the homogeneous system, and
every such sum is a solution.

2.6 Linear independence Lecture 11

Definition 2.6.1 (Linear independence).
Vectors vy, ..., Vi € F" are linearly independent if the only scalars cy, ..., cx € F with

civi+covo+ -+ v =0

10



are ¢; = ¢z = -+ - = ¢, = 0. They are linearly dependent if there are scalars cy, . . ., ck, not all zero, with
€1Vy + -+ - + ¢k Vg = 0; such an equation is called a linear dependence relation.

Theorem 2.6.3.
Let k > 2. Vectors vy,..., Vg are linearly dependent if and only if at least one of them is a linear
combination of the others.

Proposition 2.6.5.

Letv,w,Vy,..., Vi, Uyg,..., 0, € F".
(a) A single vector v is independent if and only if v # 0.
(b) Every list that contains 0 is dependent.
(c) Two vectors v, w are dependent if and only if one of them is a scalar multiple of the other.
(d) Ifvy,...,vg are dependent, then so are vy, . .., Vg, Uy, . . ., Uy,. Equivalently, if a list is independent,

so is every list obtained from it by deleting vectors.

Theorem 2.6.7.
Vectors vy, ..., Vi are linearly independent if and only if v; # 0 and, for each j = 2,...,k,

v;j ¢ Span{vy,...,vj_1}.

Theorem 2.6.8 (Elimination test).

Let A be the matrix with columns vy, ..., vk, and let E be a row echelon form of A. The following are
equivalent:
(a) vy,..., v are linearly independent;

(b) the homogeneous system [ A | 0] has only the trivial solution;

(c) every column of E is a pivot column.

If column j of E has no pivot, setting c¢; = 1, every other non-pivot unknown to 0, and solving for the
pivot unknowns by back substitution gives a linear dependence relation.

Theorem 2.6.10.
If k > n, then any k vectors in F” are linearly dependent.

Chapter 3. Matrices and linear transformations

3.1 The matrix-vector product Lecture 12

Definition 3.1.1 (Matrix-vector product).
Let A be an m X n matrix over F with columns ay, ..., a,, and let x = (x4, ..., x,) € F". The product of
A and x is the vector

AX = xja; +x0a2 + - -+ xpa, € F™,

the linear combination of the columns of A with the entries of x as weights. The product is defined
only when x has as many entries as A has columns.

Proposition 3.1.4 (Row rule).
Fori=1,...,m, the i-th entry of Ax is

(AX); = aj1x1 + djoXo + - - - + AjpXy.
Equivalently, (Ax); = r; - X, where r; = (a;1, . . ., ajp) is the i-th row of A and - is the dot product on F"*

(Sections 1.4 and 2.2).

11



Definition 3.1.5 (Identity matrix).
The identity matrix I, is the n X n matrix with 1 in every diagonal position (i, i) and 0 in every other
position. For example,

We write I when the size is clear.

Theorem 3.1.6 (Linearity of the product).

Let A be an m X n matrix over F. For allu,v € F* and all ¢,d € F:
(@) A(u+v) = Au+ Av;
(b) A(cu) = c (Au);
(c) A(cu+dv) =cAu+dAv.

Theorem 3.1.7 (Three forms of a linear system).
For s € F” the following are equivalent:

(1) sis a solution of the system above;

(2) sja; +---+spa, =b;

(3) As=b.

In particular, the system, the vector equation xja; + - - - + x,a, = b and the matrix equation Ax = b
have the same solution set.

Theorem 3.1.9.
For an m X n matrix A over F the following are equivalent:

(a) Ax =Db has a solution for every b € F™;

(b) every b € F™ is a linear combination of the columns of A;
(c) the columns of A span F™, that is, Span{ay,...,a,} = F™;
(d) an echelon form of A has a pivot in every row.

Theorem 3.1.11 (Structure of the solution set, matrix form).
Let p € F" satisfy Ap = b. Then the solutions of Ax = b are exactly the vectors

x=p+h, where Ah = 0.

Proposition 3.1.13 (Uniqueness).
For an m X n matrix A with columns a4, ..., a,, the following are equivalent:

(a) whenever Ax = b has a solution, it has only one;
(b
(c

(d) an echelon form of A has a pivot in every column.

the homogeneous system Ax = 0 has only the trivial solution;

the columns ay, .. ., a, are linearly independent;

)
)
)
)

3.2 Linear transformations of R” Lecture 13

Definition 3.2.1 (Linear transformation).
A transformation T: F" — F™ is linear if

12



(i) T(u+v)=T(u) +T(v) for all u,v € F*, and
(ii)) T(cu) =cT(u) forallu € F* and all ¢ € F.

Proposition 3.2.2 (Matrix transformations are linear).
For every m X n matrix A over F, the matrix transformation Ty is linear.

Proposition 3.2.3 (First consequences).
Let T: F* — F™ be linear. Then

(@) T(0) = 0;
(b) T(crvi+---+cepvi) =c1T(vy) +---+c T (vg) forall vy,...,vpy € F"and cy,...,cx € F.

Conversely, a transformation T with T(cu+dv) = c¢T(u) +dT(v) for allu,v € F" and ¢,d € F is
linear.

Definition 3.2.6 (Standard basis vectors).

For j =1,...,n, the standard basis vector e; € F" has 1 in position j and 0 in every other position:
1 0 0
0 1 0
el = D ez = B st en =
0 0 1

Theorem 3.2.7 (The standard matrix).
Let T: F* — F™ be linear. There is exactly one m X n matrix A over F with

T(x) = Ax for every x € F",
namely the matrix whose columns are the images of the standard basis vectors:
A= [T(el) T(ez) -+ T(en) ]

It is called the standard matrix of T. In particular, the linear transformations F* — F™ are exactly the
matrix transformations Ty4.

Theorem 3.2.9 (Rotations).
The rotation Ry is linear, with standard matrix

[cos 6 —sin 0]

sinf@ cosf

Proposition 3.2.12 (Projection onto a line).
For every x € R" there is exactly one point p € L with x — p orthogonal to u, namely

p=P(x)=(x-u)u,

and it is the point of L closest to x. The map P: R" — R", the orthogonal projection onto L, is linear,
and its standard matrix has entry u;u; in row i, column j. In R?, with u = (uy, uy),

Uiy ug

2
uj uluz]

Proposition 3.2.14 (Reflection across a line).
The reflection Q: R” — R" across L = Span{u} is linear, and its standard matrix has entry 2u? — 1 in
each diagonal position (i, i) and 2u;u; in position (i, j) for i # j. In R?,

Zuf -1 2141142
2u1uUy 2u§ 1|

|
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3.3 Matrix multiplication Lecture 14

Definition 3.3.1 (Matrix product).
Let A be an m X n matrix and B an n X p matrix with columns by, ..., b,. The product AB is the m X p
matrix

AB=[Ab; Ab, --- Ab,],
whose j-th column is A times the j-th column of B. The product is defined only when A has as many
columns as B has rows.

Theorem 3.3.2 (The product is composition).
Let A be m X n and B be n X p. Then for every x € F?,

(AB)x = A(Bx).

Proposition 3.3.3 (Composition of linear transformations).

Let S: F? — " and T: F" — F™ be linear transformations with standard matrices B and A (Theo-
rem 3.2.7). Then the composite T o S: F? — F™ x + T(S(x)), is a linear transformation, and its
standard matrix is AB.

Theorem 3.3.5 (Row-column rule).
Let A= (aj) bemXxnand B= (byj)benxp. Fori=1,...,mandj=1,...,p,

n

(AB)ij = ailblj + aizsz' L ainbnj = Z aikbkj~
k=1

In words: entry (i, j) of ABis row i of A times column j of B, entry by entry and added up; it is the dot
product r; - b; of the i-th row of A with the j-th column of B.

Definition 3.3.7 (Sum and scalar multiple of matrices).
Let A = (a;;) and B = (b;;) be m X n matrices and ¢ € F. The sum A + B and the scalar multiple cA are
the m X n matrices with entries

(A+B)ij:aij+bl~j, (cA)ijzcaij.

The zero matrix O (or Opxy,) has every entry 0, and —A = (—1) A. The sum is defined only for matrices
of the same size.

Proposition 3.3.8.
Let A and B be m X n matrices, ¢ € F and x € F". Then

(A + B)x = Ax + Bx, (cA)x = ¢ (Ax).

Theorem 3.3.9 (Rules of matrix multiplication).
Let ¢ € F, and let A, B, C be matrices of sizes for which each side below is defined. Then:

(a) (AB)C = A(BC) (associativity)
(b) A(B+C)=AB+ AC (distributive law, left)
(c) (A+B)C=AC+BC (distributive law, right)
(d) ¢(AB) = (cA)B = A(cB) (scalars)
(e) I,A = A = AI, for every m X n matrix A (identity)

Definition 3.3.10 (Powers).
Let A be an n X n matrix. Its powers are A = I,, Al = A, A> = AA, and in general A**! = A*A for
k > 0.

14



3.4 Matrix algebra Lecture 15

Definition 3.4.1 (Transpose).
The transpose of an m X n matrix A is the n X m matrix AT whose rows are the columns of A:

(AT)ij=aji (1SlSn,1Sj§m)

Theorem 3.4.3 (Rules for the transpose).
Let ¢ € F. Whenever the sizes allow the operations on the left:

@ (ADT = 4;

(b) (A+B)T = AT + BT;
(©) (cA)T =cAT;

(d) (AB)T = BTAT.

Proposition 3.4.5.
Let A be an m X n matrix, x € F” and y € F™. Then (Ax) -y = x - (ATy).

Definition 3.4.6 (Symmetric and skew-symmetric matrices).
A square matrix A is symmetric if AT = A, that is, a; j = aj; for all i, j. It is skew-symmetric if AT = A,
that is, a;; = —a;; for all i, j.

Proposition 3.4.8.
Symmetric matrices can be built from any matrix:

(a) For every m X n matrix A, the n x n matrix ATA and the m x m matrix AAT are symmetric.
Moreover (AT A); j =a;-aj, where ay, ..., a, are the columns of A.
(b) For every square matrix A, the matrix A + AT is symmetric and A — AT is skew-symmetric.

(c) f1+1 # 0in F (for instance over R or C), every square matrix is, in exactly one way, the sum of
a symmetric and a skew-symmetric matrix:

_1 T 1 T
A—E(A-FA )+§(A—A )

Definition 3.4.10 (Triangular and diagonal matrices).

A square matrix A = (a;;) is
o upper triangular if a;; = 0 whenever i > j (all entries below the main diagonal are zero);
o lower triangular if a;; = 0 whenever i < j (all entries above the main diagonal are zero);

+ diagonal if a;; = 0 whenever i # j, that is, if it is both upper and lower triangular.

The diagonal matrix with diagonal entries dy, . . ., d, is written diag(dy, . . ., d,).

Theorem 3.4.11 (Products of triangular matrices).

Let A and B be n X n matrices.
(a) If A and B are upper triangular, then AB is upper triangular and (AB);; = a;;b;; for every i.
(b) If A and B are lower triangular, then AB is lower triangular and (AB);; = a;;b;; for every i.

(c) diag(dy,...,d,) diag(ey,...,e,) = diag(diey,...,dye,). In particular, diagonal matrices of the
same size commute.

15



Theorem 3.4.13 (Block multiplication).

Let A be m X n and B be n X p. Cut the rows of A into groups of sizes my, ..., mg, the columns of A
into groups of sizes ny, . .., ng, the rows of B into the same groups ny, ..., ng, and the columns of B into
groups of sizes py, ..., pr. Then AB, cut into rows my, ..., mg and columns py, . . ., pr, has blocks

S
(AB)rr = ) ArsBgt = AriBi + AraBys + -+ + ArsBs,.

s=1

In particular, for 2 X 2 block matrices with matching cuts,

Agr Agg| [Ba1 B Ap1Bi1 + AxByr A1Bia +AgBa

Ary Alz} [311 Blz} _ [AllBll +A12By1 A11Byp +A12322]

Definition 3.4.15 (Trace).
The trace of an n X n matrix A is the sum of its diagonal entries:

n

trA:a11+a22+---+ann:Zaii.
i=1

Theorem 3.4.16 (Properties of the trace).
Let A and B be n X n matrices and c € F.

(@) tr(A+B) =trA+trBand tr(cA) = ctrA;
(b) tr(AT) = tr A;
(c) more generally, if A is m X n and B is n X m, then tr(AB) = tr(BA).

Proposition 3.4.18.
There are no n X n real matrices A and B with AB — BA = I,.

3.5 Inverse matrices Lecture 16

Definition 3.5.1 (Invertible matrix, inverse).
Let A be an n X n matrix over F. We say that A is invertible if there is an n X n matrix B such that

AB=1, and BA =1,,.
Such a matrix B is called an inverse of A.

Proposition 3.5.4 (Uniqueness of the inverse).
An n X n matrix has at most one inverse: if B and C are both inverses of A, then B = C.

Theorem 3.5.5 (Solving with the inverse).
Let A be an invertible n X n matrix. Then for every b € F" the system Ax = b has exactly one solution,
namely

x=A""b.

Theorem 3.5.6 (Inverse of a 2 X 2 matrix).

Let A= [a b] over F.
c d

(a) If ad — be # 0, then A is invertible and
1 d -b
Al= :
ad — bc [—c a ]
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(b) If ad — bc = 0, then A is not invertible.

Theorem 3.5.8 (Rules for inverses).

Let A and B be invertible n X n matrices.
(a) A™!isinvertible, and (A7!)"! = A.
(b) ABis invertible, and (AB)~! = B~!A™L,
(c) AT is invertible, and (AT)~! = (A™1)T.

Proposition 3.5.9 (One product is enough).
Let A and X be n X n matrices with AX = I. Then XA = I as well, so A is invertible and X = A~L.

Theorem 3.5.10 (Gauss—Jordan inversion).

Let A be an n X n matrix over F.
(@) If[A | I,] row reduces to [ I, | X |, then A is invertible and X = A1,
(b) If the reduced row echelon form of A is not I,,, then A is not invertible.

(c) Hence A is invertible if and only if its reduced row echelon form is I, and in that case [ A | I, ]
row reduces to [I, | A7!].

3.6 The invertible matrix theorem Lecture 17

Definition 3.6.1 (Elementary matrix).
An m X m matrix E is an elementary matrix if it is obtained from the identity I,,, by a single elementary
row operation (Definition 2.3.1). We call E the elementary matrix of that operation.

Theorem 3.6.3 (Row operations are multiplications).
Let E be the m X m elementary matrix of a row operation. Then for every m X n matrix A over F, the
product EA is the matrix obtained by performing that row operation on A.

Proposition 3.6.5 (Sequences of row operations).
Suppose row operations with elementary matrices Ey, Es, . . ., Eg, used in this order, take the m x n
matrix A to U. Then

U=E--EFEA.

In particular, if A and U are row equivalent, then U = PA for a product P of elementary matrices.

Theorem 3.6.6 (Elementary matrices are invertible).
Every elementary matrix E is invertible, and E~! is the elementary matrix of the reverse row operation.

Theorem 3.6.8 (Products of elementary matrices).
Let A be an n X n matrix over F.
(@) If Ex - - - E;A = I, for elementary matrices Ey, ..., Eg, then A is invertible and A™! = E¢ - - - E;.
(b) A isinvertible if and only if A is a product of elementary matrices.
Theorem 3.6.10 (The invertible matrix theorem).
Let A be an n X n matrix over F. The following statements are equivalent; that is, either they are all
true, or they are all false.
(1) Ais invertible.
(2) There is an n X n matrix C with CA = I,,.
(3) The equation Ax = 0 has only the trivial solution x = 0.
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(4) A has n pivot positions.
(5) The reduced row echelon form of A is I,,.
(6) The columns of A are linearly independent.
(7) For every b € F", the equation Ax = b has at least one solution.
(8) The columns of A span F".
(9) For every b € F", the equation Ax = b has exactly one solution.
(10) There is an n X n matrix D with AD = I,,.
(11) AT is invertible.
)

(12) Ais a product of elementary matrices.

Proposition 3.6.14.
Let A and B be n X n matrices. If AB is invertible, then A and B are both invertible.

3.7 LU factorisation Lecture 18

Definition 3.7.3 (Unit lower triangular, LU factorisation).
A square matrix is unit lower triangular if it is lower triangular (Definition 3.4.10) and every entry on
its main diagonal is 1. An LU factorisation of an m X n matrix A over F is a product

A=1U,
where L is an m X m unit lower triangular matrix and U is an m X n matrix in row echelon form.

Theorem 3.7.4 (Elimination without swaps is a factorisation).
Let A be an m X n matrix over F. Suppose that forward elimination brings A to a row echelon form U
using only replacements, with no row swaps: in stage p (p = 1,...,m — 1), each row i > p is replaced
by

Ri — Rl' - lipRp (lip € F),
with [;, = 0 wherever no step is needed. Let L be the m X m unit lower triangular matrix whose entry

in row i, column p is [;, for i > p. Then
A=1LU.

Theorem 3.7.5 (Solving with an LU factorisation).
Let A = LU, where A is m X n, L is m X m unit lower triangular and U is m X n. Let b € F™.

(a) The system Ly = b has exactly one solution y, found from the top down by forward substitution:
Y1 = by, Yyi=bi—layi = —lLisyicr (i=2,...,m).
(b) For thisy, a vector x € F" satisfies Ax = b if and only if Ux = y.

Proposition 3.7.7 (Operation counts).
Let A be an n X n matrix whose forward elimination needs no row swaps, as in Theorem 3.7.4.

n-n -
multiplications and divisions.

(a) Computing U and the multipliers takes at most

(b) If the diagonal entries of U are all nonzero, then for each b € F", forward substitution takes
n("T_l) multiplications, and back substitution takes @ multiplications and n divisions: n?
operations in all.
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Definition 3.7.9 (Permutation matrix).
An m X m matrix P is a permutation matrix if its rows are the rows of I,;, in some order, each used once:
row;(P) = eg(l.) fori=1,...,m, where 6(1),...,0(m) are the numbers 1,...,m in some order.

Proposition 3.7.10 (Properties of permutation matrices).

Let P be an m X m permutation matrix with row;(P) = eg(i).
(a) For every m X n matrix A, row;(PA) = row, ;) (A): multiplying by P on the left puts the rows of
A in the same order as the rows of I, in P.

(b) The product of two m X m permutation matrices is a permutation matrix.
(c) P isinvertible, and P~! = PT.

Theorem 3.7.11 (PA = LU).
Every m X n matrix A over F has a factorisation

PA=1LU,

where P is an m X m permutation matrix, L is an m X m unit lower triangular matrix and U is an m X n
matrix in row echelon form.

Proposition 3.7.14.
Every unit lower triangular n X n matrix L is invertible, and L™! is unit lower triangular.

Theorem 3.7.15 (Uniqueness of the LU factorisation).
Let A be an invertible n X n matrix. If A = L,U; = L,U,, where Ly, L, are unit lower triangular and
Ui, U, are in row echelon form, then L; = L, and U; = Us.

Chapter 4. Vector spaces

4.1 Subspaces of R" Lecture 19

Definition 4.1.1 (Subspace).
A subset H of F" is a subspace of F" if

(a) 0 € H;
(b) H is closed under addition: if u,v € H, thenu+v € H;

(c) H is closed under scalar multiplication: if u € H and ¢ € F, then cu € H.

Proposition 4.1.4 (Closed under linear combinations).
Let H be a subspace of F*. If vy,...,vi € Hand ¢y, ..., ¢ € F,thencyvy + -+ - + cxvg € H.

Theorem 4.1.6 (Spans are subspaces).

Letvy,...,vg € F* and S = Span{vy,..., vg}.
(a) S is a subspace of F" that contains vy, ..., Vg.
(b) S is the smallest such subspace: every subspace H of F" that contains vy, ..., v contains S.

Proposition 4.1.7 (The subspaces of F?).
Every subspace H of F? is one of: the zero subspace {0}; a line Span{v} with v # 0; or F? itself.

Definition 4.1.8 (Column space).
Let A be an m X n matrix over F with columns ay, . .., a,. The column space of A is

Col A = Span{ay,...,a,} C F™.
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Proposition 4.1.9.
Let A be an m X n matrix over F.
(a) ColA ={Ax:x € F"}, and Col A is a subspace of F"™.
(b) For b € F™, the system Ax = b has a solution if and only if b € Col A.

Definition 4.1.11 (Null space).
Let A be an m X n matrix over F. The null space of A is the solution set of the homogeneous system
Ax = 0:

NulA={xeF':Ax=0} C F".

Theorem 4.1.12.
For every m X n matrix A over F, Nul A is a subspace of F".

Proposition 4.1.15 (A spanning list for Nul A).

Let A be an m X n matrix over F. If Ax = 0 has no free variables, then Nul A = {0}. Otherwise, write
its general solution in parametric vector form, x = t;vy + - - - + t; Vg, one vector for each free variable.
Then Nul A = Span{vy, ..., vi}.

Theorem 4.1.16.
Let A be an m X n matrix over F.

(a) Ax =D has a solution for every b € F™ if and only if Col A = F™, if and only if an echelon form
of A has a pivot in every row.

(b) Ax = b has at most one solution for every b € F™ if and only if Nul A = {0}, if and only if an
echelon form of A has a pivot in every column.

(c) If m = n, then A is invertible if and only if Nul A = {0}, if and only if Col A = F".

4.2 Basis and dimension in R” Lecture 20

Definition 4.2.1 (Basis).
Let H be a subspace of F". A list B = (by,...,by) of vectors in H is a basis of H if

(i) by,...,bg are linearly independent, and
(ii) by,...,bx span H, that is, Span{bs,...,bx} = H.

Theorem 4.2.4 (Unique representation).
Let 8 = (by,...,bg) be a basis of a subspace H of F". Then every x € H can be written as

X=C1b1 +C2b2+"'+0kbk
with scalars ¢y, . . ., ¢ € F in exactly one way.

Theorem 4.2.6 (Shrinking a spanning list).
Let H = Span{vy, ..., vi} be a subspace of F* with H # {0}. Then some of the vectors vy,. .., vy form
a basis of H.

Theorem 4.2.8 (Growing an independent list).
Let H be a subspace of F".

(a) Every linearly independent list uy, .. ., u,, of vectors in H can be extended to a basis (uy, ..., up,
Wy, ..., wj) of H, with [ > 0. Here m > 0: the empty list (m = 0) is independent, and the theorem
extends it too.
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(b) H has a basis, and every basis of H has at most n vectors.

Theorem 4.2.9.
Let H be a subspace of F" spanned by k vectors wy, . .., wi. Then every linearly independent list of
vectors in H has at most k vectors. Equivalently, any m > k vectors in H are linearly dependent.

Theorem 4.2.11 (Invariance of dimension).
Let H be a subspace of F". Any two bases of H have the same number of vectors.

Definition 4.2.12 (Dimension).
Let H be a subspace of F". The dimension of H, written dim H, is the number of vectors in any basis of
H. In particular dim{0} = 0.

Theorem 4.2.14.
Let A be an m X n matrix over F with columns ay, ..., a,, and let R be its reduced row echelon form,
with 7 pivots.

(a) The pivot columns of A form a basis of Col A. Hence dim Col A = r.

(b) Write the general solution of Ax = 0 in parametric vector form, x = #;8; + - - - + trs¢, with one
parameter for each free variable (Definition 2.5.2). Then (sy,...,sy) is a basis of Nul A. Hence
dimNul A = f, the number of free variables.

(c) dimColA + dimNul A = n.

Theorem 4.2.16.
Let H be a subspace of F" with dim H = k.
(a) Any k linearly independent vectors in H form a basis of H.
(b) If k > 1, any k vectors that span H form a basis of H.
(c) If U is a subspace of F* with U C H, then dimU < dim H, and dimU = dim H only if U = H.



